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Abstract

We develop a theoretical framework that rationalizes two hypotheses of long-lasting
low-interest rate episodes: deflationary-expectations-traps and secular stagnation in
a unified setting. These hypotheses differ in the sign of the theoretical correlation
between inflation and output growth that they imply. Using the data from Japan
over 1998:Q1-2019:Q4, we find that the data favor the expectations-trap hypothesis.
The superior model fit of the expectations trap relies on its ability to generate the
observed negative correlation between inflation and output growth.
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“I believe that for the euro area there is some risk of Japanification, but it is by no

means a foregone conclusion.” — Mario Draghi (January, 2020).

1. INTRODUCTION

Since the global financial crisis of 2008-2009, concerns about prolonged near-zero interest rates
and meager inflation became predominant across many advanced economies, most notably
in Europe and the United States. Such concerns, dubbed as Japanification, relate to the
decades-long stagnation of the Asian economy following the collapse of a real-estate bubble in
the early 1990s. As a result, nominal interest declined to zero, and deflation emerged, leaving
the central bank unable to fight recessions.

Two predominant hypotheses rationalize interest rates near zero and inflation below the
central bank’s target. The first hypothesis is that of a deflationary-expectations-driven liquidity
trap whereby deflationary expectations become self-fulfilling in the presence of the zero lower
bound (ZLB) constraint on short-term nominal interest rates (Benhabib, Schmitt-Grohé and
Uribe, 2001, 2002). The second hypothesis is secular stagnation that entails a persistently
negative natural interest rate constraining the central bank at the ZLB (Hansen, 1939; Summers,
2013; Eggertsson, Mehrotra and Robbins, 2019). Existing research has shown that these two
hypotheses offer contrasting policy implications (Bilbiie, 2022; Nakata and Schmidt, 2021).

This paper builds a theoretical framework that rationalizes deflationary-expectations-driven
liquidity trap and secular stagnation in a unified setting. We analytically show that the empirical
correlation of output growth and inflation can be used to distinguish the two hypotheses. Secular
stagnation, by policy rates permanently stuck at zero, generates a positive correlation between
inflation and output growth. On the other hand, because of local indeterminacy, deflationary
expectation-trap models can generate a negative correlation between inflation and output
growth. In Japan, the correlation between inflation and output growth is negative. We find
that the superior model fit of the expectations-trap model relies on its ability to generate this
negative correlation.

We augment the textbook New Keynesian model with a bonds-in-utility specification

'Financial Times, “Japanification: investors fear malaise is spreading globally,” August 26, 2019. ASSA
Annual Meeting Panel Session: “Japanification, Secular Stagnation, and Fiscal and Monetary Policy Challenges,”
January 2020.



(Michaillat and Saez, 2021; Michau, 2018; Ono and Yamada, 2018). This modification breaks
the tight connection between the natural interest rate and the discount factor, thus allowing
for a permanently negative natural interest rate. Within this framework, we define three
steady-state equilibria. A targeted-inflation steady state at which the central bank can meet
its inflation target, output is at potential, and the nominal interest rate is positive. In addition,
there are two liquidity trap steady states at which inflation is below the central bank’s intended
target. The level of output is below potential, and the nominal interest rate is at the ZLB. The
focus of our analysis is to compare these two liquidity traps.

The liquidity trap steady states arise due to the ZLB constraint on short-term nominal
interest rates. In one case, combined with long-run money non-neutrality, a shift in the
agent’s inflation expectations makes the liquidity trap equilibrium self-fulfilling. For this
reason, we label it deflationary-expectations-driven liquidity trap or expectations trap for short.?
Alternatively, when prices are rigid, the economy can settle in a liquidity trap because of a
permanent decline in the natural interest rate. In this case, the liquidity trap arises because
of a change in the economy’s fundamentals and not because of a shift in expectations. For
this reason, we label this situation as a secular stagnation steady state or fundamentals-driven
liquidity trap. In the absence of discounting, the natural interest rate is constant and equal to
the inverse of the household’s discount factor, and the model cannot accommodate the secular
stagnation hypothesis.

We use the Japanese experience from 1998 to 2019 as a laboratory to contrast the two
hypotheses and offer the first quantitative assessment of expectation-driven liquidity traps
versus secular stagnation. We use a New Keynesian framework to assess if a policymaker
can use the data to discern the predominant hypothesis. Using Bayesian prediction pools,
we estimate the probabilistic assessment of the relevant model (Geweke and Amissano, 2011;
Del Negro, Hasengawa and Schorfheide, 2016). Our quantitative analysis offers two main
findings. First, we find evidence that Japan is more likely to be in an expectations-driven
liquidity trap. Second, considerable real-time uncertainty exists between secular stagnation

and the expectations-driven trap models, especially during Japan’s first decade near the ZLB.

2Benigno and Fornaro (2018), and Ravn and Sterk (2021) present complementary models of expectations
trap where pessimism about growth rate or unemployment risk can push the economy to the liquidity trap. In
this paper, our focus is solely on the deflationary expectations trap.



We find that equilibrium indeterminacy is central to tilting our quantitative assessment in
favor of the expectations-trap hypothesis. This result emerges because the dynamic properties
of the ZLB equilibrium differ across the two narratives. Under secular stagnation, the ZLB
equilibrium exhibits locally determinate dynamics. In contrast, the expectation traps model
features locally indeterminate dynamics around the ZLB steady state. Thus, the equilibrium
dynamics are consistent with a multiplicity of stable paths. Because our quantitative analysis
focuses on a long-lasting ZLB episode, equilibrium selection implies restrictions for the response
of output growth and inflation to structural disturbances. Our full-information approach ensures
that the data selects the best-fitting equilibrium. At the same time, our Bayesian procedure
intrinsically penalizes the likelihood function for the presence of additional parameters in the
expectations-trap equilibria (Schwarz, 1978; Lubik and Schorfheide, 2004).

What accounts for the better fit of the expectations-trap hypothesis in Japan? The negative
correlation between output growth and inflation in Japanese data is a key empirical moment for
equilibrium selection and model fit. The equilibrium dynamics around the secular stagnation
steady state cannot deliver the observed negative correlation. With interest rates pegged at
the ZLB, any shock that generates a persistent increase in the inflation rate lowers the real
interest rate and increases consumption; therefore, output and inflation positively co-move. In
contrast, local indeterminacy of the expectations-trap steady state implies that inflation can
adjust in any direction. Our estimation procedure allows the data to pin down this response.
Expectation traps can generate an unconditional correlation between inflation and output
growth close to that observed in the data.

We further investigate our empirical results along three dimensions. First, we investigate
the importance of non-fundamental i.i.d. shocks—known as sunspots—that emerge due to
indeterminate model dynamics in the expectations-trap model. Our benchmark result indexes
equilibrium multiplicity through the correlation between fundamental and sunspot shocks using
the method of Bianchi and Nicolo (2021). We find that restricting the correlation between
price-markup and sunspot shocks to non-positive values worsens the fit of the expectations-trap
model and favors secular stagnation. Thus, using data to discipline equilibrium selection is
central to our results. We augment our estimation of the expectations-trap model with inflation

expectations data to further discipline equilibrium selection. The prediction pool analysis still



favors the estimated expectations-trap model over secular stagnation. Second, we check whether
departures from rational expectations modeling enhance the ability of the secular stagnation
model to fit the data. We find that of the three departures we considered, cognitive discounting
(Gabaix, 2020) helps improve the model fit for the secular stagnation model. However, it still
falls short of the model fit implied by the expectations-trap hypothesis. Third, we verify that
the expectations-trap hypothesis outperforms secular stagnation in an estimated medium-scale
new Keynesian model. The correlation of markup shocks and sunspot shocks remains central
to the model fit despite added complexity. This exercise implies that our analytical insights

carry over to a wide class of models commonly used for policy analysis.

Relation to the literature. Our work complements the recent analyses of Michaillat
and Saez (2021), Michau (2018), and Ono and Yamada (2018) who use the bonds-in-utility
assumption to analyze a unique secular stagnation scenario. Relative to this literature, our
paper considers the two narratives of persistent ZLB and offers quantitative and analytical
insights.

This paper is also related to the work by Mertens and Ravn (2014), Aruoba, Cuba-Borda and
Schorfheide (2018), Bilbiie (2022), and Nakata and Schmidt (2021), who contrast expectations-
driven and fundamental-driven liquidity traps using the standard Euler equation without
discounting. Their setup can only accommodate a short-lived fundamentals-driven liquidity
trap, while our modified Euler equation allows the possibility of secular stagnation as a
competing hypothesis. Our paper is also complementary to Schmitt-Grohé and Uribe (2017),
which analyzes the case of permanent expectations-driven liquidity traps. Coyle and Nakata
(2019) characterizes optimal inflation target in the presence of expectations-liquidity traps. We
build on these papers to show that policies that impose a lower bound on inflation preclude
the expectations-driven traps. Benigno and Fornaro (2018)’s stagnation trap, which focuses
on the role of pessimism about the economy’s growth rate, is complementary to the inflation
pessimism we study in this paper.

Our framework allows agents in the model to expect ZLB episodes of permanent duration
under both hypotheses. This feature stands in contrast to models that use transitory declines
in the natural interest rate to generate ZLB episodes where agents’ expectations have to be

consistent with recovery to the full-employment steady state in the medium run (Bianchi and
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Melosi, 2017; Nakata, 2017; Nakata and Schmidt, 2019).

We use the principal-agent decision framework of Del Negro et al. (2016) to identify the
relevant hypothesis in Japan, combining the predictive densities derived from observed time
series. The Bayesian nature of our approach allows us to measure the uncertainty about the
contrasting hypotheses with a structural model. Our prediction pool analysis is related to
Lansing (2019) in which a model with endogenous regime switching generates data from a
time-varying mixture of two models. In this paper, we construct a time-varying probability
on the predictive densities of two alternative models. Our paper also relates to Mertens and
Williams (2021) that uses the implications of changes in the natural interest rate on the
distribution of interest rates and inflation in the options data from the U.S. financial markets,
to discern between fundamentals- and expectations-driven liquidity. We find that the sign
of inflation and output growth correlation can help distinguish between the hypotheses in a
long-lasting liquidity trap.

Our analysis also builds on the important work by Hirose (2020) and Iiboshi, Shintani
and Ueda (2022). Hirose (2020) estimates a model of deflationary-expectations-trap for Japan
comparing equilibrium dynamics between the full-employment steady state before 1999 and the
dynamics around the expectations-trap steady post-1999 in Japan. Iiboshi et al. (2022) uses
non-linear methods to estimate a model in which the economy moves from the full-employment
steady state into a temporary liquidity trap driven only by economic fundamentals. Relative to
these estimated models for Japan, we tease out a testable implication to distinguish fundamental-
driven from deflationary-expectations traps using the sign of an observed correlation of output
growth and inflation. We show that this correlation allows us to separate the two hypotheses
in Japanese data and is crucial for model fit.

A common theme of the papers that study expectation-driven liquidity traps is that policy
implications may be the opposite of the ones derived from fundamentals-driven liquidity
traps. As a result, it becomes central to assess what hypothesis is dominant in the data and
develop policies that can always be stabilizing.> Our analysis is thus related to the design

of robust policies such as fiscal policy rules that prevent the decline of real marginal costs

30ne can develop expectations-traps equilibria with similar comparative statics as the fundamentals-driven
liquidity traps, see Eggertsson et al. (2019, Figure 6 A). Our analysis does not focus on those, as they may not
generate policy dilemmas.



(Schmidt, 2016), or fiscal stabilization policies that eliminate expectation-traps (Nakata and
Schmidt, 2021). Similarly, research and development (R&D) subsidies advocated by Benigno
and Fornaro (2018) that affect aggregate supply in an endogenous growth environment can

eliminate expectations-driven liquidity traps.

Layout. Section 2 analytically teases testable predictions from both hypotheses. Section 3
presents our estimation results. In Section 4, we investigate the role of equilibrium selection.
Section 5 extends our analysis to an estimated medium-scale DSGE environment. Section 6

concludes. All proofs and additional results are in the online appendix.

2. STYLIZED NEW KEYNESIAN MODEL

We begin with a stylized new Keynesian setup that entertains both the deflationary-expectations-
driven liquidity trap and a permanent fundamentals-driven liquidity trap, labeled as secular
stagnation. The model is a standard new Keynesian model augmented with a bonds-in-utility
specification. The production side features monopolistically competitive firms facing nominal
price rigidity. We use this setup to tease out a contrasting empirical implication of secular
stagnation and deflationary expectation traps.

The central result is that secular stagnation generates a positive correlation between output
growth and inflation. In contrast, the deflationary expectations trap can generate a negative
correlation. The local indeterminacy of the expectations-trap equilibrium is key to obtaining a

negative correlation.

2.1. Household

Time is discrete, and a representative agent maximizes the following lifetime utility:

o0

max ZEO log (C}) — HLlh
1
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where C; is consumption, h; is hours supplied to work, 7 is the Frisch elasticity of labor supply,
w is a constant set to normalize the steady state hours equal to one, B;,; is the stock of

one-period nominal risk-free government bonds, §; > 0 regulates the marginal utility from



holding the risk-free bonds supplied by the government, and Z,; is non-stationary level of total
factor productivity (TFP) introduced in the utility function to get a stationary balanced growth
path. Since our objective is to allow the possibility of a permanently negative natural rate, we
adopt this modeling of bonds-in-utility following Michaillat and Saez (2021).

The household earns nominal wage income W;h;, interest income on past bond holdings
of risk-free government bonds B; at gross nominal interest rate R, 1, dividends D; from
firms’ ownership, and receives transfers T; from the government. The period-by-period budget

constraint faced by the household is given by P.C; + Bgl = Wihy + By + D; + T;. An interior

solution to household optimization yields the consumption Euler equation
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where II; denotes the gross inflation rate.
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2.2. Production

A perfectly competitive final-good-producing firm combines a continuum of intermediate goods
1

indexed by j € [0,1] using the CES Dixit-Stiglitz technology: Y; = (fol Yt(j)l_”tdj> ﬁ, where
1/v; > 1is the time-varying elasticity of substitution across varieties, and ﬁ is the steady-state
price markup. The shock v, evolves according to: log(v;) = (1 — p,) log(v) + p, log(vi—1) + €4,
where €, are iid N(0,0,) innovations.

vt

vp—1 Ty —
The price of the final good is given by P, = ( fol Py )#dj) " and profit maximization

gives the demand for intermediate good j as a function of good j’s price relative to the final
good price level: Y;(j) = (%@)Ul}t Y,

Intermediate good j is produced by a monopolist with a linear production technology:
Yi(j) = Z:H(j), where the growth rate of the aggregate TFP, G.;, follows: log(G.:) =
log Zy —log Zy—1 = (1 — p.)log(G,) + p.log(G,i-1) + €.+ and G, denotes the steady state

growth rate and e, are iid N(0,0,) innovations.

Intermediate goods producers buy differentiated labor services H;(j), at a nominal price of

4As 6 — 0, this equation nests the textbook Euler equation as a special case. We use the parameter § to
target empirical estimates of the natural interest rate in Japan. The calibration will depend on the particular
hypothesis, and we describe our strategy later in this section.



W;, and face quadratic adjustment costs when setting prices. These adjustment costs, expressed

A 2
as a fraction of total output, are defined by the function &, = % <Pi(1]()j) — H*> Y;. In a

symmetric equilibrium, profit maximization yields the following price Phillips curve relation:’

¢ Y,
(1 - Vt) - wh%/ngt + Vt@l (Ht) Ht = th]Et |:Qt+1|th+1(I)’ (Ht+1) t+1:| (2)
t

Y,

2.3. Government and resource constraint

The desired policy rate is set according to the following rule R, = [TH* (%)%} Here, r is

Py
Py

the steady-state real interest rate, I, = is the gross inflation rate, and II* is the target
inflation rate, which in equilibrium coincides with the steady-state inflation rate. The actual

policy rate relevant to agents’ decisions is subject to the zero lower bound constraint:
R, :max{l,Rt} (3)

The government levies a lump-sum tax (subsidy) to finance any shortfalls in government

revenues (or to rebate any surplus). The government’s budget constraint is given by P,G;+ B, =

T+ Bgl, where G; = (1 — g%) Y, captures autonomous sources of aggregate demand, including

government expenditure. The shock g, evolves according to: log(g)) = (1 — p,)log(g) +
pglog(gi—1) + €44, where €, are iid N (0, 0,) innovations.

We assume that the price adjustment costs are rebated back to the household in a lump-sum
fashion as part of the government transfers. The labor market clears: h; = fol Hy(j)dj, and the

nominal bonds are in net zero supply B; = 0. The market-clearing resource constraint is:

C,+G, =Y, (4)

2.4. Steady-State Equilibrium and Calibration

The competitive equilibrium in the non-linear model is given by the sequence of four endogenous
processes {Y;, Cy, Ry, II;} that satisfy the conditions 1, 2, 3, and 4 for a given exogenous sequence

of processes {0, G+, 1, gt }72, and an initial level of aggregate TFP Z,.

®We are substituting the aggregate labor market clearing condition: h; = fol H,(j)dj in this derivation.



We define the steady-state natural interest rate as the real rate that prevails without nominal
rigidities. The natural rate r is given by 1725. The natural rate (net) is negative if and only if
0 < 1— . It is non-negative otherwise. When the natural rate is positive, a unique positive
interest rate steady state exists with output at potential and inflation at the central bank’s
target.® We label this steady state as the targeted steady state.

Depending on the parameter values regulating the natural rate and the nominal rigidities,
this framework admits two kinds of ZLB steady states. One is a liquidity trap steady state
(a la Schmitt-Grohé and Uribe, 2017) that co-exists with the targeted steady state when the
natural rate is positive and prices are not rigid enough. This steady state was discovered in
the seminal work by Benhabib et al. (2001), and we label it as the deflationary-expectations
trap. The main identifying feature of such a steady-state equilibria is that the dynamics in its
neighborhood are locally indeterminate. It features inflation below the central bank’s target
and output below potential. Pessimistic deflationary expectations can push the economy to
this steady state without any change in fundamentals.

The second type of steady state with a binding zero lower bound emerges due to the presence
of discounting in the consumption Euler equation and depends on the fundamentals driving the
natural rate of interest. When the steady state natural rate is negative and nominal rigidities
are severe enough, the economy can be permanently at zero nominal rates with below-target
inflation and output below potential. We define the secular stagnation steady state as the
steady state featuring a negative natural rate and zero nominal interest rate. The steady secular
stagnation state exhibits locally determinate equilibrium dynamics in its neighborhood. This
local determinacy property is the main difference between the secular stagnation narrative and
the deflationary expectations-driven narrative that we seek to separate empirically.”

In our baseline model with forward looking Phillips curve, we numerically evaluate the
steady state equilibria. In Appendix E, we analytically prove the existence of the steady states
of the model using a static Phillips curve. That analytical characterization shows that two

parameters—d (regulating the natural interest rate), and ¢, (regulating the slope of the Phillips

SPotential output is defined as the level of output that would prevail under flexible prices.

"Note that multiple steady states at zero lower bound may coexist if the Phillips curve is sufficiently
non-linear. Alternately, it may be possible to model the possibility of secular stagnation steady state coexisting
with the full-employment steady state as in Eggertsson et al. (2019, Figure 6A) with a sufficiently high inflation
target and a sufficiently non-linear Phillips curve.



curve)—determine the existence of the secular stagnation steady state and the deflationary

expectations trap steady state.

Table 1: Steady State Parameters

Externally Calibrated (Common Parameters)

B n 1/(1-v) I g G,
Discount Inverse Price Inflation  Autonomous TFP
factor Frisch markup target spending growth
elasticity rate
0.942 0.85 1.2 1.0025 1.81 0.25

Endogenously Calibrated (Model-specific Parameters)

Secular stagnation Expectations-trap
Parameters ) 10) 1) 1)
Mg. utility Price Mg. utility Price
bonds adj. cost bonds adj. cost
0.1132 4825 0.1088 2524
Targets r* T r* T
Natural Steady state Natural Steady state
Rate (a.r.) deflation (a.r.) Rate (a.r.)  deflation (a.r.)
-1.1 -1.06 0 -1.06

Calibration. The top part of Table 1 summarizes the steady-state parameters that are
common across models. We fix the discount factor S to 0.942 consistent with structural
estimates of Gali and Gertler (1999). While this estimate is lower than the standard calibrated
value of 0.99 in the literature, a low [ is needed for the model to generate a positive natural
interest rate in the presence of a positive bond premium. In studies that have estimated the
discount rate using field and laboratory experiments, the estimates for § are dispersed but
point to high discount rates. Michaillat and Saez (2021) choose an annual discount rate of 43%
from the median value of these estimates in the experimental literature (Frederick, Loewenstein
and O’Donoghue, 2002; Andersen, Harrison, Lau and Rutstrom, 2014).

We fix the Frisch labor supply elasticity at 0.85 following (Kuroda and Yamamoto, 2008).
The elasticity of demand for intermediate goods 1/v, is set to 6 to generate a steady-state
markup of 20%. Japan did not officially adopt an inflation target until 2013:Q2, but the inflation

rate averaged 1.1% in the two decades before entering the ZLB. Thus we assume the central
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bank was pursuing an inflation target of 1% and use that target rate as the reference value for
price adjustment(IT* = 1.0025).> We determine the values of steady-state TFP growth rate G,
such that the model matches the average output growth during the period 1998:QQ1-2012:Q4.
In the model, autonomous expenditure subsumes investment, net exports, and government
spending. Consistent with this definition, we set g to match a consumption-output ratio of
55%.°

Two steady-state parameters, d, and ¢, are specific to each model. The bottom panel of
Table 1 summarizes their calibration. These parameters match targets for Japan’s natural
interest rate and average inflation. We adopt two targets for the natural rate depending on the
regime. Under secular stagnation, we choose an annual rate of -1.1%. This choice is based on
two studies by Fujiwara, Iwasaki, Muto, Nishizaki and Sudo (2016) and Iiboshi et al. (2022)
that separately estimate a series for the natural interest rate in Japan based on Laubach and
Williams (2003). They find that the quarterly estimate was often -0.5% since the late 1990s
and -2% at the lowest level. In contrast, we calibrate the expectations-trap steady state to
imply an annualized long-run real interest rate of 0%. Our calibrated values of the natural
interest rate imply a unique value for § noted in Table 1. Using the Phillips curve equation 2,
we calibrate ¢ to match the average inflation rate of -1.06% for both steady states, which is the
average inflation rate in Japan over our estimation sample period.!? Our calibration results
in a somewhat larger value of the price adjustment parameter, ¢, compared with econometric
estimates of DSGE models for Japan (Iiboshi et al., 2022). Nonetheless, this value lies within
the range of plausible estimates found in the literature—see Aruoba, Bocola and Schorftheide
(2017). Finally, the implied output gap under both calibrations (not shown) is close to the
estimates of 5% in Hausman and Wieland (2014).

2.5.  Approximate Equilibrium

We approximate the equilibrium conditions (1-4) around secular stagnation and deflationary

expectations trap steady states. We denote all liquidity-trap steady-state parameters by z and

80ur results are robust to choosing a zero inflation target as well.

9As an alternative, it is straightforward to make g; in the model track actual government spending in the
data by defining consumption appropriately. Results are available upon request.

19Combined with zero nominal rates, this calibration targets the average real rate over the estimation sample.
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denote 7y, the log deviations of stationary variables relative to the steady state. Appendix A
provides the derivation of the following log-linearized equations that summarize the dynamics

of consumption, inflation, output, and the nominal interest rate:

¢t = @Et(étﬂ - Rt + 1 + éz,tJrl) (5)
. . s R /1 P <.

7ty = BE i1 + @By (Gry1 — 1) + R KE + 1> Yt — gt] + Ay (6)
U = Ct + Gy (7)

The coefficients entering equations 5 and 6 are functions of the following structural pa-

B -R:w-@: T-Te s oand A = @It where ¢ and &

rameters: D = TR0 P L pY S p2r—ma)T

correspond to the cost of price adjustment and the marginal utility of bonds, these are the only
structural parameters specific to each model. The shocks in the approximate equilibrium are (i)

government expenditure, g, (ii) the growth rate of productivity, G, and (iii) price markups,

1, each following an AR(1) process.™!

2.6. Properties of Approximate Equilibrium

We briefly discuss some analytical properties of the approximate equilibrium. The main
takeaway is that secular stagnation generates a positive correlation between inflation and
output growth while expectations trap can generate a negative correlation.

We begin with establishing the necessary and sufficient condition for determinacy in the

approximate equilibrium.

Proposition 1. (Local Determinacy). Assume 8 < 1. The system 5 - 8 is locally determinate

: ¢ ®G.8C 1+n -
if and only if > g

The secular stagnation steady state is defined to be a steady state at zero nominal interest

1A caveat of the deflationary expectations trap hypothesis is that it may not generate significant decline in
real rate endogenously as the economy transitions from full employment regime to the liquidity trap regime. In
our model, TFP growth rate shocks help match the observed real interest rate dynamics in Japan. Growth traps
studied in Benigno and Fornaro (2018) present a complementary mechanism that can generate endogenous
decline in real rate. They also note that the possibility of a self-fulfilling expectations trap is more likely when
multiple sources of pessimism (growth, deflation) are allowed in the same model. We leave the quantitative
analysis of this generalized hypothesis to future research.
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rates which exhibits local determinacy. In Proposition 1, we provide conditions under which
the approximate equilibrium exhibits local determinacy. Obtaining local determinacy requires
a sufficiently flat Phillips curve (low &), or high enough discounting (high §).'? In contrast,
an expectations-driven liquidity trap has locally indeterminate dynamics, with low enough
discounting or a sufficiently steep Phillips curve. Our steady-state calibrations for secular
stagnation and expectations trap steady states to satisfy these restrictions.

Given the local determinacy, a unique solution under secular stagnation equilibrium can be

derived. The solution is summarized in Proposition 2.

Proposition 2. (Unique Solution under Secular Stagnation). Let X = {g,v, G}’ collect
all fundamental state variables of the model, and let a and b be vectors of unknown coefficients.
Assume the local determinacy condition in Proposition 1 is satisfied. The unique solution of

the approximate equilibrium under secular stagnation is given by:

N

Qt(X) = aléz,t + a/2§]t + agﬁt; ﬁt(X) = ble,t + bzf]t + bgﬁt.

The coefficients (a;, b;) are reported in Appendix A.4.

Using this analytical solution for secular stagnation equilibrium, we establish in Proposition

3 that the correlation between inflation and output growth is positive.

Proposition 3. (Positive Correlation under Secular Stagnation). Consider the locally
unique solution for the secular stagnation model shown in Proposition 2. The unconditional

correlation between output growth and inflation is always positive.

The result follows from the fact that the steady-state aggregate demand relationship between
inflation and output (derived from combining the Euler equation and the resource constraint)
is upward-sloping under secular stagnation. Along with an upward-sloping Phillips curve, this
steady-state equilibrium implies that price-markup shocks and TFP growth rate shocks only
shift one schedule — either the Phillips curve or the Euler equation. These shifters unequivocally
induce a positive correlation between inflation and output, given local determinacy. As long as

the Phillips curve is sufficiently flat (low enough & relative to other structural parameters), the

2Definition 1 in Michaillat and Saez (2021) impose a similar restriction for obtaining a permanent
fundamentals-driven ZLB episode.
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government spending shock also induces a positive correlation between inflation and output, as
well as inflation and output growth. The required restriction on the slope of the Phillips curve
follows from the local determinacy restriction on parameters discussed in Proposition 1.

On the other hand, the deflationary expectations trap steady state features local indetermi-
nacy. This implies that extraneous innovations, known as sunspot shocks ((;), that are not
part of the original description of agents’ optimization problems, can determine the equilibrium
outcomes (Lubik and Schorfheide, 2004; Canova and Gambetti, 2010). To characterize the
multiplicity of equilibrium, we apply the methods in Bianchi and Nicolo (2021). This method
allows one to index equilibria in locally indeterminate linear models by explicitly specifying a
correlation structure between the i.i.d. sunspot shocks and the fundamental shocks.

Using their insight, we demonstrate that the expectations-trap model is capable of generating
a negative correlation between inflation and output growth. Following Bilbiie (2019), we consider

the following static Phillips curve to illustrate this result:

7%,5 - /%th + j\ﬁt (9)

where we have shut down government spending shocks. For exposition reasons, we directly
postulate this static Phillips curve and relegate its derivation from first principles to Appendix
E. With this static Phillips curve, we can analytically show how a negative correlation between
inflation and output growth emerges in several of the infinite solutions to the expectations-trap
model.

It is instructive to work through the steps in this analytical case. Since the Phillips curve is
assumed to be static, and we model the price-markup shocks as the only fundamental shocks,

the system of equations (5), (7), (8), and (9) simplifies to a univariate system:
’7ATt - AEﬂATtJrl + j\ﬁt

where A = D (1 + k). Because we are analyzing the system around a locally indeterminate

steady state, note that A > 1. We define the one-step ahead forecast error associated with the
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Figure 1: Inflation-Output Growth Correlation
under Fzxpectations-trap Hypothesis
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Notes: Theoretical correlations for stylized model under the following calibration: D = 0.995, A = 0.25, % =
0.1,0, = 0.0030, p(e,, ) = 0.96.

expectational variable ;, as:™

G =7 — By (10)

Since A > 1, we combine this equation with equation (10), to get the solutions of the following

form:
ﬁ't == Ail 7%1571 - Ail j\ﬁt,1 + Ct
gy =R 'R — AET D,
There are multiple solutions for the evolution of output, each indexed by the sunspot shock, (;.
In Proposition 4, we show that this system can produce a negative correlation between inflation

and output growth if the exogenous correlation between the sunspot and the fundamental shock

is large enough.

13To be consistent with the idea of deflationary trap, we impose the sunspot on inflation forecast error.
Appendix A.6 extends the proof to the case of sunspots on the output forecast error.
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Proposition 4. (Negative Correlation under Deflationary-Expectations Trap). Consider the
equilibrium of the expectations-trap model described by Equations (5), (7), (8), and (9) with
only the i.i.d price-markup 7 shocks as the only fundamental. Let (; = 7, — E;_17;, denote a
mean zero sunspot shock with variance ag. Let p, ¢ denote the correlation between the sunspot

and the markup shock. The correlation of output growth and inflation is negative if and only if

This result of a negative correlation between inflation and output growth with a static
Phillips curve also extends to our baseline calibrated model with a forward-looking Phillips
curve (Equation 6). To illustrate, we compute theoretical moments from the expectations-trap
model assuming a correlation between sunspot and markup shocks equal to p(e,,e:) = 0.96.
In the subsequent section, we estimate this correlation with Japanese data. Figure 1 plots
the correlation between output growth and inflation against the relative standard deviation
of markup and sunspot shocks. In this example, for values of g—: > 0.9, the expectations trap
model generates a negative correlation between inflation and output growth.

In the rest of the paper, we investigate whether this particular correlation matters for model

fit in the case of twenty years of near-zero interest rates in Japan.

3. MoDEL EVALUATION DURING JAPAN’S LIQUIDITY TRAP

We now present a quantitative analysis based on the small-scale New Keynesian model of
Section 2. We briefly discuss the estimation of remaining parameters and evaluate model fit

using Bayesian methods.

3.1. Data and estimation

Conditional on our calibration of steady state parameters, we estimate the vector of the following
parameters © = [py, p., pu,04,0,,0,]". For the expectations-trap model, in addition to the
parameters listed in the vector ©, we also estimate the standard deviation of the sunspot shock,
o¢, and the correlation between the structural and the sunspot shocks, denoted with p(z, (),
for = {e,, €4, €, }. Because our model is linear we can construct the exact likelihood and use

a standard Bayesian approach to estimate the parameters of the model. We obtain draws
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from the posterior distribution by a single-block random walk Metropolis—Hastings (RWMH)
algorithm (An and Schorfheide, 2007). Appendix C reports additional estimation details.

For parameter estimation, we use quarterly data on output growth, consumption growth,
and GDP deflator-based inflation rate in Japan for the period 1998:Q1 — 2012:Q4.'* We focus
on this sample period for two reasons. First, from 1995 to 1998 the Bank of Japan (BOJ) held
the monetary policy rate at 0.5%. We start our analysis in 1998 to parallel the assumption in
our model that the economy starts at the ZLB and agents expect near-zero interest rates for a
prolonged period. The BOJ lowered its policy rate to zero in the first quarter of 1999, and
it remained between 0% and 0.5%. We consider the economy to be at the ZLB for the entire
period. Second, in 2013, the BOJ introduced a new monetary policy program that included
an explicit inflation target, asset and bond purchase programs as well as started considering

negative nominal interest rates. None of these policies are explicitly modeled in our framework.

3.2. HEstimation Results

Table 2 summarizes the estimated posterior distribution of parameters that fit the respective
model to Japan’s output growth, consumption growth, and inflation data. The marginal prior
distributions for the estimated parameters are tabulated in Appendix C.3. The posterior
estimates for the common parameters are remarkably similar across model specifications. For
the expectations-trap model, the standard deviation of the sunspot shock is statistically different
from zero and with a magnitude similar to that of the shock to the technology growth rate.
The estimated correlation between the fundamental and the sunspot shocks varies substantially.
The data favors a robust positive correlation between the price markup and the sunspot shocks
and a small correlation between the sunspot shock with the other two fundamental shocks.
The last row in Table 2 shows that the log-data density favors the expectations-trap
hypothesis in terms of overall fit. To gauge the difference in fit, we construct Bayes factors
of expectations-traps relative to secular stagnation, F = p(Y7|M,)/p(YT|M,). As a test
statistic, we compute 2 x log(F) because it resembles the familiar likelihood-ratio test. In our

estimation, we find that this test statistic is equal to 77, implying “very strong” evidence in

14 Qur findings are robust to using data from 1998:Q1-2019:Q4 in estimation. We use the longer sample for
our assessment of the mechanism in section 4.
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Table 2: Stylized DSGE Model: Posterior Estimates

Parameters  Description My - Exp. trap M Sec. Stag.
Mean [05 95] Mean [05 95)
Py Persistence gov. spending shock 091 [0.860.96] 0.88 [0.83 0.92]
Pu Persistence markup shock 0.18 [0.080.28]  0.17 [0.08 0.25]
P Persistence tech. growth shock 0.50 [0.27 0.74] 0.49 [0.25 0.72]
100 x o, Std dev. gov. spending shock 0.92 [0.811.04] 0.94 [0.82 1.06]
100 x o, Std dev. markup shock 0.35 [0.30 0.40] 0.38  [0.32 0.44]
100 x o, Std dev. tech. growth shock 0.36  [0.170.54] 0.64 [0.36 0.92]
100 x o¢ Std dev. sunspot shock 0.36  [0.31 0.41] - -
p(e, Q) Corr. sunspot and tech. growth shocks  -0.11  [-0.26 0.03] - -
ple,, ¢) Corr. sunspot and markup shocks 0.98  [0.96 1.00] - -
pleg, €) Corr. sunspot and gov. spending shocks  0.04  [-0.00 0.08] - -
log [p (YT)] Log-data density -415.42 -453.90

Notes: The estimation sample is 1998:Q1 - 2012:Q4. We use Y7 = [y1,...,y7] to denote all the available data
in our sample. For each model, we report posterior means and 90% highest posterior density intervals in square
brackets. All posterior statistics are based based on the last 50,000 draws from a RWMH algorithm, after
discarding the first 50,000 draws.

favor of the expectations-trap hypothesis over secular stagnation according to standard criteria
(Kass and Raftery, 1995).1°

In our application, the sunspot shock and the correlation parameters necessary to select
equilibria in the expectations-trap model come at a cost from the perspective of the log-data
density as a penalty for additional parameters.'® Nonetheless, one may still be concerned that
the expectations-trap model always “edges over” secular stagnation because of the multiplicity
of equilibria or the presence of “free” parameters. To allay this concern, we conduct an exercise
where we simulate data from the secular stagnation model using the parameters in Table 2.
Then, we re-estimate both models on simulated data and conduct a model comparison. We find
that 2 x log(F) is equal to —32, which indicates that when data comes from secular stagnation,

¢

our estimation procedure finds “very strong” evidence in its favor.

15 According to Kass and Raftery (1995), values of 2 x log(F) above 10 can be considered very strong evidence
in favor of model 1. Values between 6 and 10 represent strong evidence, between 2 and 6 positive evidence,
while values below 2 are “not worth more than a bare mention.”

16The log-data densities intrinsically penalize the likelihood function for the presence of additional parameters
as in the Bayesian Information Criterion (Lubik and Schorfheide, 2004, Footnote 11).
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3.3. Expectation traps or secular stagnation?

We now compare the relative importance of the two competing hypotheses in explaining the
persistent liquidity trap episode in Japan over time. We use Bayesian prediction pools, as in
Geweke and Amissano (2011) and Del Negro et al. (2016), that rely on predictive densities
to construct recursive estimates of model weights. These time-varying model weights can be
interpreted as a policymaker’s views on the most relevant model using the information available
in real-time.

We consider a policymaker that has access to the sequence of one-period-ahead predictive
densities p (y¢|y1.c—1, M) under secular stagnation and p (y¢|y1.4—1, M;) under the expectations-
trap hypothesis.!” We are interested in constructing an estimate of the model weight, ), that

pools the information of each individual model:

P (el A, P) = Ap (Ye|yra—1, Mp) + (1 = XN)p (e|yr:e—1, Ms), 0< A< (11)

where p (y;|\, P) is the predictive density obtained by pooling the two competing models for a
given weight A and pool P = {M,, M,}. The policymaker is Bayesian and has a prior density
p(A|P) of the weight assigned to each model in the pool. The posterior distribution of the
model weights, p(A|Z7, P), can be updated recursively conditional on the information available

to the pool in the previous period Z} ;:
POZE,P) o< p (A, P) p(ANZL 1, P) (12)

We estimate the posterior distribution in Equation (12) recursively, starting in 1998:Q1. The
estimated model weights are shown in Figure 2 together with 90% posterior credible sets to
capture model and parameter uncertainty. The Japanese data imply roughly similar weights on
both models in the early part of the sample and through the early 2000s. Afterward, the data
lean in favor of the specification My, indicating a better fit of the expectations-trap hypothesis.
Uncertainty about the model weight’s posterior distribution is substantial but decreases later in

the sample as more information favoring the expectations-trap model accumulates. Starting in

"The predictive density is constructed sampling from the posterior distribution of the DSGE parameters of
the baseline model of Section 2 and averaging the predictive densities across draws.
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Figure 2: Model Weights: Expectations Traps vs Secular Stagnation
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Notes: The solid black line is the posterior mean of A estimated recursively over the period 1998:Q1-2019:Q4.

The shaded areas correspond to the 90 percent credible set of the posterior distribution.

2015, the data put at least 90% weight on the expectations-trap hypothesis as the best-fitting

explanation.

4. INSPECTING THE MECHANISM

4.1. Correlation between Inflation and Output Growth

We first discuss the data moments that favor the expectations-trap hypothesis in our estimation.
We find that the superior model fit of the expectations trap is related to its ability to generate
a negative unconditional correlation between inflation and output growth, as observed in the
data.

The two columns in Figure 3 show the range of theoretical correlations between inflation
and output growth implied by the posterior parameter distribution of the expectation traps
and secular stagnation model respectively. Boxes and whiskers indicate 90% and 99% credible
sets of the posterior distributions, respectively. The red dots in the figure represent the same
moments in the Japanese data used in estimation.

The expectations-trap model generates a negative unconditional correlation between inflation
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Figure 3: Moments: models vs data
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Notes: Dots correspond to sample moments in Japan’s data. Solid horizontal lines indicate medians of theoretical
moments of the posterior distributions for parameter estimates. Boxes and whiskers indicate 90% and 99%
credible sets of the posterior distributions, respectively.

and output growth consistent with the data. In contrast, as shown analytically in Proposition 3,
the secular stagnation model can only generate a positive inflation output growth correlation.!®

We next explore the source of this negative correlation in the expectations trap model.

4.2. Indeterminacy and sunspot shocks

The presence of equilibrium indeterminacy relaxes the tight co-movement between inflation
and output that afflicts the secular stagnation model, and inflation in the expectations-trap
model can arbitrarily jump in response to fundamental shocks. In section 2, we introduced i.i.d.
sunspot shocks as exogenous expectational errors on inflation to select among the multiple
equilibria. Using the technique of Bianchi and Nicolo (2021), we allowed sunspot shocks to be
correlated with fundamental shocks in the model to index various equilibria. We now investigate
which correlations with structural shocks are essential for our results. And how do our results

change if we discipline the equilibrium selection with data on inflation expectations?

8Datta, Johannsen, Kwon and Vigfusson (2021) document a positive correlation between oil and equity
prices in the U.S. post-2008. This measure is a proxy of the correlation between inflation and output growth in
our model. We leave a formal quantitative assessment for the U.S. in our framework for future work.
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4.2.1 Which Equilibrium?

The correlation between sunspots and structural shocks is crucial because it characterizes
all admissible solutions under indeterminacy (Bianchi and Nicolo, 2021) while disciplining
equilibrium selection using data.’

To understand which of the multiple equilibrium paths plays a role in discriminating
between expectation traps and secular stagnation, we re-estimate the prediction pool under
four restrictions on the correlation between the sunspot and fundamental shocks. Figure 4
displays the estimated time-varying model weights. Panel (a) sets the correlation between the
sunspot and productivity shocks to zero. Panel (b) sets the correlation between the sunspot
shock and the government expenditure shock to zero. Panel (c) sets the correlation of the
sunspot shock and markup shock to zero. Lastly, panel (d) sets all the correlations to zero.

When price-markup and sunspot shocks are uncorrelated, as in panels (c¢) and (d), secular
stagnation explains the data better. Conversely, when the correlation between sunspots with
productivity or government spending shocks is zero while letting the data choose the correlation
between sunspot and markup shocks, we obtain results similar to our baseline specification,
i.e., expectation traps as the more likely explanation for the observed data. Combined with
our analytical results presented in Section 2, these equilibrium selection results imply that
the correlation between price markup and sunspot shocks is crucial for the expectations trap
hypothesis because it allows the model to generate a negative correlation between inflation and
output growth. This correlation implies that markup shocks are contractionary at the zero lower
bound—see impulse responses in Appendix C.5. This finding echoes the evidence presented in
Wieland (2019), which shows that the oil supply shocks in Japan, which are equivalent to price
markup shocks in our model, generate a negative correlation between inflation and output at

the ZLB.?

19While we discipline equilibrium selection using the empirical model fit, a caveat of expectation traps is
that we do not explicitly model how this expectations formation occurs, and how agents coordinate on one of
the many multiple equilibria.

20Relatedly, Cohen-Setton, Hausman and Wieland (2017) provide partial equilibrium evidence from a
supply-side policy restricting hours worked in France. They find that a policy-mandated reduction in weekly
hours worked adversely affected industrial production in sectors exposed to the law.
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Figure 4: Model Weights: Role of Sunspots
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Notes: The solid black line is the posterior mean of A\ estimated recursively over the period 1998:Q1-2020:Q1.
The shaded areas correspond to the 90 percent credible set of the posterior distribution.

4.2.2 Inflation Expectations Data and Indeterminacy

We now investigate if data on inflation expectations as a source of additional information
helps discipline equilibrium selection in the expectations-trap model. We collect Japan’s 6- to
10-year inflation expectations data from Consensus Economics. Inflation expectations data is
semi-annual and we use linear interpolation to obtain quarterly figures. We relate quarterly
deviations from the sample mean in the data to the implied steady-state deviations of 6- to
10-year inflation expectations in the model. Formally we construct: 7y = %E [220:21 7Art+h} and
augment the expectations-trap model with the following measurement equation ;" = 400 x 7¢
and re-estimate the posterior distribution of parameters associated with the expectations-trap

model. Detailed estimation results are presented in Appendix C.6.
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Figure 5: Robustness: inflation-output correlation
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Notes: Solid horizontal lines indicate medians of theoretical moments of the posterior distributions for parameter
estimates. Boxes and whiskers indicate 90% and 99% credible sets of the posterior distributions, respectively.

The left panel in Figure 5 compares the posterior distribution of the theoretical correlation
between inflation and output growth in our benchmark estimation and in the expectations-trap
model re-estimated using data on inflation expectations. When using the data on inflation
expectations, the model matches this key empirical correlation between inflation and output
growth. Consistent with tighter posterior intervals on the estimated correlation parameters,
reported in Table 5 in Appendix C.6, we recover a somewhat tighter posterior range for
correlation between inflation and output growth relative to the first column where we do not
use data on inflation expectations in the estimation.

Since the expectations trap model is estimated using additional data, we cannot directly
compare the log data density with the baseline secular stagnation model. Nonetheless we
construct the Bayesian prediction pools to study which model explains the observed data series
better. In Appendix C.7, we report these results. We find that the expectations trap model,
even when estimated with additional data restrictions, continues to be superior to the secular

stagnation model in explaining the three data series used in the baseline estimation.

4.3. Secular stagnation without rational expectations

We investigate the ability of departures from the rational expectations assumption in their

ability to enhance secular stagnation’s empirical fit relative to the expectations trap hypothesis.
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We consider three dominant alternatives: (i) diagnostic agents a la Bordalo, Gennaioli and
Shleifer (2018), (ii) “behavioral” agents a la Gabaix (2020), and (iii) behavioral heterogeneous
agents a la Bilbiie (2021) and Pfauti and Seyrich (2022). The stagnation steady state is
unchanged in all three extensions. We provide a detailed derivation of the log-linearized
equilibrium conditions of these model extensions in Appendix B, while additional estimation
results are available in Appendix C.6

We find neither of these departures from rational expectations allows secular stagnation
equilibrium to match the negative correlation between inflation and output growth. Our first
extension considers diagnostic expectations, in which agents extrapolate current innovations
thus distorting beliefs about future states.?! Relative to the baseline, there is a new parameter
0 > 0 that regulates the departure from rational expectations. A value of § = 0 simplifies
the model to the rational expectations benchmark. We set § = 1, following Bordalo et al.
(2018). The second column in Figure 5b shows that the estimated secular stagnation model
with diagnostic expectations also exhibits a positive correlation between output growth and
inflation. The marginal data density of this model is 20 log points lower than that of the
rational expectations counterpart.

In contrast to extrapolation, Gabaix (2020) proposes a model of “cognitive discounting”,
whereby the representative agent is partly myopic about innovations in the distant future.?? In
this model we introduce a new parameter, m € [0, 1], that regulates the behavioral discounting.
Following Gabaix (2020), we set m = 0.85, and re-estimate the baseline secular stagnation
model with this configuration. The case of m = 1 reduces the model to the rational expectations
benchmark. The third column in Figure 5b shows that the estimated secular stagnation model
with cognitive discounting exhibits a lower correlation between output growth and inflation
than the baseline case in the first column. The marginal data density of this model is 2 log
points higher than the benchmark secular stagnation model with rational expectations. Still,
the model fit remains substantially lower relative to the expectations-trap model.

Finally, we consider Bilbiie (2021)’s tractable heterogeneous agents New Keynesian (THANK)
model combined with Gabaix (2020) behavioral friction as formally studied by Pfauti and

21We follow Bianchi, Ilut and Saijo (2023) and L’Huillier, Singh and Yoo (2023) in their approach to solving
diagnostic expectations in linear general equilibrium settings.

22 Angeletos, Huo and Sastry (2020, Sec. 6.4) show that leading departures from rational expectations such
as level-k thinking, dogmatic higher-order beliefs, and cognitive discounting imply under-extrapolation.
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Seyrich (2022). The resulting behavioral-THANK (B-THANK) model analytically captures
key ingredients of rich heterogeneity often considered in quantitative models while allowing
for local determinacy through cognitive discounting. To keep the steady state unchanged, we
consider the baseline version in Bilbiie (2021) featuring a zero-inequality steady state which
isolates the role of cyclical inequality. The steady state of the model is thus the same as
before. The new parameters xy = 1.48 (a composite measure of cyclical income inequality),?*
A = 0.37 (an unconditional measure of “hand-to-mouth” agents), and 1 — s = 0.04 (transition
probability to move from being a saver to a “hand-to-mouth” agent) are set following Bilbiie
(2021)’s baseline calibration. The final column in Figure 5b shows that the estimated secular
stagnation model with cognitive discounting and heterogeneous agents also exhibits a somewhat
lower correlation between output growth and inflation than the baseline case depicted in the
first column. However, the marginal data density of this model is 7 log points lower than the
representative rational agent counterpart.

In sum, while the cognitive discounting friction offers a better model fit at the margin for
the secular stagnation model, neither of the three departures allows the secular stagnation
model to generate the negative correlation between inflation and output growth observed in the
data. Our results suggest that the fit of the secular stagnation hypothesis is impaired because
the model cannot generate the empirical correlation of inflation and output growth even with

some of the departures from rational expectations.?*

5. A MEeDIUM-ScALE DSGE MODEL

We assess the robustness of our findings using a medium-scale model similar to Smets and
Wouters (2007), which extends our benchmark New Keynesian model along several dimensions.
We use this model to explore two dimensions of our results. First, the medium-scale model
features additional cross-equation restrictions and data relative to the model in Section 2. Do
additional complexity and more data diminish the role of the negative correlation between output

growth and inflation as the key moment driving model fit? Second, we use the quantitative

23y > 1 is the empirically relevant case of counter-cyclical income inequality in this framework.

24Tt is possible to relax model misspecification by allowing the correlation of fundamental shocks in the
secular stagnation model, thus generating a negative inflation-output correlation. We do not see a clear economic
interpretation to pursue such an approach.
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model to ask if the correlation of markup shocks with sunspot shocks is still one of the main
drivers of the model fit for the expectations trap. Relaxing misspecification through a more
elaborate model structure or additional data does not overturn the main insights we derived
with the baseline model.

The medium-scale extension of the baseline model is relatively standard. We briefly describe
the main ingredients and defer a detailed derivation to Appendix F. There are three important
differences relative to the model in Section 2. First, we allow for internal habits in consumption.
Second, we introduce nominal wage stickiness as in Erceg, Henderson and Levin (2000). Third,
we introduce capital into production, with costly capital utilization and investment adjustment
costs as in Christiano, Eichenbaum and Evans (2005). Along each of these modifications, we
introduce three new structural shocks: time-varying wage markups (%m), a risk-premium
shock (7;), and a shock to the marginal efficiency of investment (y;) as in Justiniano, Primiceri

and Tambalotti (2010).

5.1. Data and Calibration

We follow Hirose (2020) to map the medium-scale model to Japanese data. Data for estimation
includes time series on output growth, personal consumption expenditure growth, investment
growth, GDP deflator-based inflation, wage growth, and hours worked. As in the analysis of
Section 3, we estimate the relevant parameters in the medium-scale model using data from
1998:Q1 - 2012:QQ4, while we use the sample 1998:Q1 - 2019:Q4 to conduct the prediction pool
analysis and assess the likelihood of expectation-traps vis-a-vis secular stagnation. Detailed
data sources are available in Appendix C.

The parameters that govern the capital share in production, depreciation rate of capital,
habit persistence in consumption, price and wage indexation, capital utilization elasticity, and
investment adjustment costs are sourced from Hirose (2020). To be consistent with the stylized
model of Section 3, we have set the discount factor § = 0.942, and calibrated the steady-state
level of price and wage markups to 20 percent. Likewise, we have set the growth rate of
productivity and the share of government expenditure to GDP to their observed values during
the estimation sample from 1998:Q1 to 2012:Q4. For a detailed description of model calibration,
please refer to Appendix F.
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We separately estimate the parameters governing each model’s structural shocks and
equilibrium selection. The expectations-trap and secular stagnation models have six structural
shocks in common, labeled as follows: technology growth shocks (G, ;); domestic absorption
shocks (g;), which include government spending and foreign demand; shocks to the marginal
efficiency of investment (41;); shocks to price markup (v,;) and wage markup (1,,); and shocks to
households risk premia (7;) that shift the marginal utility of bonds. All the shocks follow a first-
order auto-regressive process. The expectations-trap model has seven additional parameters: a
non-fundamental or sunspot shock (¢;) and six parameters for the correlation of the sunspot

shock with the structural shocks that select the equilibrium path under indeterminacy.

5.2. Estimation Results

Table 3 reports the estimated parameters for both models. We report posterior mean estimates
and 90% credible sets. In the bottom row, we report the marginal likelihoods of both models.
Additional estimation details, such as the prior distribution and the configuration of the
posterior sampler, are available in Appendix C.

The estimated posterior mean for the common parameters across the two models is similar.
In terms of overall fit, although the medium-scale model has additional propagation and shocks,
we still find “strong” evidence favoring the expectations-trap model over secular stagnation.
The Bayes factor is 17. The experiments in the remainder of this section suggest that this
difference in fit is also related to the central moment of our analysis, the negative correlation
between inflation and output growth when interest rates are at the ZLB.

Turning to the estimated parameters specific to the expectations-trap model, we make
two observations. First, the sunspot shock’s standard deviation is similar to our estimates in
Table 2. This result suggests that sunspot shocks remain a statistically important source of
fluctuations despite the additional structural shocks in the model. Second, we find that the
correlation of the sunspot shock with price and wage markup shocks is positive and tightly
estimated. In particular, the mean estimate of the correlation between sunspot and price
markup shock is remarkably close to our estimates in the stylized model of Section 3. Both
results suggest that parameters governing the dynamics of the expectations trap model are

robustly estimated using additional data and a more complex model.

28



Table 3: Medium Scale Model: Posterior Estimates

Parameters  Description My - Exp. trap M: Sec. Stag.
Mean [05 95) Mean [05 95)
Puw Persistence wage markup shock 0.20 [0.19 0.21] 0.17  [0.06 0.27]
Pp Persistence price markup shock 0.20 [0.19 0.21] 0.09  [0.03 0.15]
Py Persistence gov. spending shock 0.99 [0.98 1.00] 0.89 [0.85 0.93]
Pu Persistence MEI shock 0.42 [0.41 0.43] 0.90 [0.87 0.94]
P Persistence risk premium shock 0.35 [0.34 0.37] 0.87  [0.82 0.93]
Pz Persistence tech. growth shock 0.06 [0.05 0.06] 0.18  [0.10 0.26]
100 X gy Std dev. wage markup shock 0.55 [0.49 0.60] 0.49  [0.41 0.56]
100 x o, Std dev. price markup shock 049  [0470.52] 048  [0.42 0.54]
100 x o, Std dev. gov. spending shock 0.72 [0.65 0.77] 0.77  [0.67 0.86]
100 x o, Std dev. MEI shock 14.17  [12.01 16.16] 7.94 [6.87 8.91]
100 x o Std dev. tech. growth shock 1.49 [1.32 1.66] 143  [1.24 1.62]
100 x oy, Std dev. risk premium shock 0.57 [0.14 1.16] 4.01 [2.08 5.87]
100 x o¢ Std dev. sun. shock 0.49 [0.47 0.51] - -
o€, Q) Corr. sun. and tech. growth shocks -0.04 [-0.06 -0.02] - -
p(eg, C) Corr. sun. and gov. spending shocks  -0.08 [-0.09 -0.06] - -
pleus Q) Corr. sun. and MEI shocks -0.09  [-0.11 -0.07] - -
p(ep, €) Corr. sun. and price markup shocks 0.95 [0.93 0.96] - -
p(€w, Q) Corr. sun. and wage markup shocks 0.29 [0.25 0.32] - -
p(ey, €) Corr. sun. and risk premium shocks 0.07 [0.05 0.09] - -
log [p (Y7)] -044.67 -953.07

Notes: The estimation sample is 1998:Q1 - 2012:Q4. We use Y7 = [y;,...,yr| to denote all the available data
in our sample. We report posterior means and 90% the highest posterior density intervals for each model in
square brackets. All posterior statistics are based on the last 50,000 draws from an RWMH algorithm after
discarding the first 50,000 draws.

5.3. Expectations-trap vs secular stagnation

Next, we construct recursive weights using the predictive densities from the medium-scale
specification of both models. Figure 2 shows the posterior mean estimates of the model
weights, \;, and the associated 90 percent credible sets. The estimated value of \; reflects
the probability that the six data series observed in period-t come from the expectations-trap
hypothesis. Our results confirm that both models provided an equally plausible explanation of
the data in the initial part of the sample. With additional information accumulating over time,
the expectations-trap model emerges as a more likely explanation, with our estimates of \;
rising to about 90 percent by 2010 and remaining at that level. Although the estimated mean
probability of the expectation-trap model kept rising over time, uncertainty about the source

of stagnation remained elevated for several years.
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Figure 6: Ezpectations Traps vs Secular Stagnation in Medium Scale Model
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Notes: The solid black line is the posterior mean of A\ estimated recursively over the period 1998:Q1-2019:QA4.
The shaded areas correspond to the 90 percent credible set of the posterior distribution.

H.4. Discussion

Using a small-scale model, we argued that the correlation between inflation and output growth
is central to tilting the prediction pool weights in favor of the expectations trap. Using the
estimated medium-scale model, we now revisit the importance of the correlation between
inflation and output growth.

In Figure 7, we re-estimate the model weights, A\; while restricting the correlation structure
between the sunspot and the structural shocks. In all experiments, we draw the estimated
parameters from the posterior distributions presented in Table 3 but set correlations between
the sunspot and particular structural shocks to zero when computing predictive densities.

The left panel in Figure 7 shows the estimated model weights when the sunspot shock is
allowed to have a non-zero correlation with the price and the wage markup shocks.?® The
mean estimates of )\; indicate that the expectations-trap model remains the preferred model.

Although the weight of the expectations-trap model increases steadily over our sample, the

25In Appendix C.7 we present the reverse exercise in which we restrict the correlation of the sunspot shock
with the markup shocks to be zero and allow the correlation of sunspot shocks with other structural shocks to
be unrestricted. We find that the recursive model weights favor the secular stagnation model, consistent with
our results from the estimated small-scale model. The correlation between sunspot and markup shocks is the
key driver for model fit in the expectations-trap model.
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Figure 7: Inspecting the Mechanism in the Medium Scale Model

(a) Model weights: markup shocks only
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Notes: The solid black line is the posterior mean of A\ estimated recursively over the period 1998:Q1-2020:Q1.
The shaded areas correspond to the 90 percent credible set of the posterior distribution.

wider credible sets show more uncertainty about the dominant model.

We find that the correlation between inflation and output growth remains the key moment
in the tilt of model weights toward the expectations-trap model. The right panel in Figure 7
shows the theoretical correlation between inflation and output growth for three versions of the
expectations-trap model. Specifically, we plot the baseline estimates (first column), a restricted
model in which sunspot shocks are correlated only with markup shocks (second column), and a
restricted model in which the correlation of sunspot shocks and markup shocks is zero (third
column). For comparison, we also report the theoretical moments for the secular stagnation
model (fourth column).

In the unrestricted expectations-trap model, shown in the first column, the median correla-
tion between inflation and output growth is negative and the posterior intervals cover a large
range of values. In contrast, the secular stagnation model has a very tight range of outcomes
in the positive territory for this central correlation. In the restricted expectations trap model
with only markup shocks driving the equilibrium selection, shown in the second column, the
range of correlations between inflation and output growth narrows but the posterior mean
estimate remains negative. In the third column, the restricted model with zero correlation
between markup and sunspot shocks, the mean correlation between inflation and output growth
is tightly distributed around a positive value. These results suggest that equilibrium selection

through markup shocks is the key source of the correlation between inflation and output growth.
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Overall, our quantitative findings from the medium-scale model align with the analytical and

quantitative results from the small-scale model despite the added model complexity.

6. CONCLUSION

In this paper, we formally test two hypotheses of stagnation: deflationary expectations traps and
secular stagnation. We entertain both models within a unified framework using a modified Euler
equation with discounting. Because both theories differ in their local determinacy properties,
we show analytically that the correlation of output growth and inflation can distinguish the
two hypotheses in the data.

We leverage the Japanese experience at the ZLB to empirically assess our theory using
a quantitative New Keynesian model that embeds both hypotheses. We offer a summary
measure of the likelihood of each hypothesis using Bayesian prediction pools. We find evidence
that Japan’s experience is consistent with the expectations trap model, but making such an
assessment is subject to substantial uncertainty in the early part of the estimation sample.
Consistent with our theory, the negative correlation between output growth and inflation is
the key empirical moment that ultimately shifts the balance in favor of the expectations-trap
hypothesis in Japan. Our quantitative findings extend to models that deviate from rational
expectations, models that use inflation-expectations data, and more elaborate medium-scale

models of the Japanese economy.
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A. PROOFS FOR SECTION 2

This section describes how we obtain the equations of the model of Section 2, as well as proofs

Propositions 1, 2 and 3.

A.1. Stationary Equilibrium

The stationary equilibrium of the baseline model is given by the following system of four equations
in four stationary endogenous variables {C’t, fft, I1;, R;} for a given exogenous sequence of variables
{Gz,tu Vt, gt, 6t}

- -1
Ci+1 Ry =
1=6E = + 6,C Al
P ( Cy ) Gl i (A1)
Gt ) %
(1 — 1) — wh"Cy + 1@ ()T, = BE, | | “22 ) My @ () —2t (A.2)
Ci Y
Rt —max{l,Rt} (A 3)
Ci+ Gy =Y, (A.4)
where ét = %, f/t = %, C:’t = % are stationary variables and, Gy = (1 — i) Y;. We choose
w = (1 — v)g to normalize the full employment level of normalized output to ¥ = 1.

A.2. Approximate equilibrium around the Permanent Liquidity Trap

When the economy is at a permanent liquidity trap, we have R = 1. We denote by Z the steady state
values corresponding to the liquidity trap steady state. Variables with star denote the corresponding
full-employment steady state value. Variables with hats and time-subscripts are log-deviations from

the respective stationary steady state values.

3, = B 3 ) .
= et AT RG (et + Caen)
7A1’t = 5(27;__7:2 [_ (ét-i-l - ét) + Z)t+1 — th] + /Bﬁt-s-l + <1 - (}z);(giébjgz)— 7'('*)) I?t

(1—v)geeg*™\ (. 1.
" ( VT (27 — ) > ( - nyt>

Ct =Yt — Gt
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Collecting terms and replacing the log-linearized resource constraint we have:

Gt = DE(§14+1 — gt+1) + DE; (ﬁtﬂ + éz7t+1> + gt (A.5)

. _ +1. . - _ R .
T =K (77 , Ut — gt) + A0 + QEAGe 1 + BE 41

Where D = (,BJ;GZ(SE)’ A= (%), k= (%), and ¢ = [3%

We obtain equation 5 from log-linearizing the consumption Euler equation 1. It resembles the
dynamic IS relationship of the standard New Keynesian model but modified by the discount coefficient
D. Since § > 0, the discounting coefficient D < 1. Discounting dampens the consumption response to
changes in the ex-ante real interest rate. An increase in the preference for bonds, lower steady-state
inflation, and lower long-run growth rate increase the discounting in the Euler equation conditional
on ¢ > 0. We introduce shocks to growth rate of technology, G ;, to replicate movements in the real
interest rate observed in Japan.

Equation 6 is the forward-looking Phillips curve that depends on expected inflation and marginal
costs ((1/n+ 1) g — g¢), the growth in government expenditure (g;+1 — §¢) and the price-markup shock
v¢. The growth in government expenditure appears in this equation because of we log-linearized the
equation away from the targeted-inflation steady state.

Equation 7 is the resource constraint of the economy that specifies a time-varying wedge between
consumption and output, corresponding to exogenous shocks in government spending. Equation 8
indicates that the economy operates under an interest rate peg. We can derive this equation from any

policy rule in which the central bank faces an effective lower bound constraint.

A.3. Proof of Proposition 1

Without shocks, the system of equations around a permanent liquidity trap can be rewritten as:
9t = DE¢(Je1 + Tet1)

7y = BETi41 + Rt

E_ntlz D B
Where & = n ”’D_BH?GZSE‘

In matrix form, we can write the system as:

Geer | _ | 10 Ut
/ﬁ-t-‘rl —/% 1 ﬁt

Inverting the matrix on the left hand side, we get:

Uer1 |
T4l

D D
0 B

(6 + 7p) —p] [yt]
—kp p
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(p+Fkp) —p

where p = 1/, and ¢ = 1/D. Define M = .
—REp P

. Then, we can derive the following

properties of the matrix M:

det(M) = ¢p, tr(M)=¢+ (1+R)p

Proposition C1 in (Woodford, 2003, pp 670) provides the necessary and sufficient conditions for
determinacy for a system of 2 equations. A 2 x 2 matrix M with positive determinant has both

eigenvalues outside the unit circle if and only if
det M >1, det M —tr M >—1, det M +tr M > —1

Under our sign restrictions on parameters and the assumption that 5 < 1, first and third inequalities
necessarily hold. It follows then that both eigenvalues are outside the unit circle if and only if
2114k -
o> 1= £ 1+H) =1- ’m for determinacy. This implies 1/D > £ §§£1 A _ (Bﬂl)l =14 5. We can
B
_[i > D, which yields the restriction in the proposmon

rewrite thls 1nequahty to obtain = 3

A.4. Proof of Proposition 2

This section derives the unique solution for secular stagnation, given local determinacy.
Guess that g; = alCA?Z,t + asgr + azvy and 7y = bléz,t + bagy + b3ty and solve for the unknown a’s
and b's. Replacing the guess into (A.5) and dropping time subscripts, we obtain:

a1Goy +aggs +aziy = D (alpzéz,t + aspgle + azpuii — pgg + b1psGap + bapgis + bapuin + pzéz,t) +
= D(a1p: + bips + p.)G.t + (Dazpy — Dpg + Dbapy + 1)t + D (bspy + aspy)

bléz,t +bogs + b3ty = 8 (blszz ¢+ b2pggr + b3pvl/t> +@(pg —1) g + Dy

+ I_{(i + 1) <aléz,t + a2gt + agﬁt) — KRGt
n
1 . 1 )
- <6b1pz - Fc(; + 1)a1> Gt + <Bbng +@(pg—1)+ R(; + 1)az — n) Gt
1 _
+ <Bb3pv + /?a(5 +1)ag + /\> o

Comparing terms we can write the following system of equations:
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] (Bp.—1) 0 0 &L+ 0 0
(e, 0 )45 0 (Bpg — 1) 0 0 R(L+1) 0
X _ 0 0 (Bp-1) 0 0 R +1)
@_Dpzl Dp. 0 0 (Dp. — 1) 0 0
Pa ™ 0 Dp, 0 0 (Dpy — 1) 0
] 0 0 Dp, 0 0 (Dps—1) | |
The solution is:
~Dpz (5 +1) (1= Bp-)br
bh = — n ; ap=-—7r
Dp. i (L+1) + (1= 8p2)] = (1-Bp2) R(5+1)
(1 —Dpy) [95(1 — pg) — Rﬂ £+ (1—Bpg)ba + p(1 — py)
by = — ; — az = —
Dpy [ (2 +1)] = (1= Bpy)(1 - Dpy) R(+1)
b ~X1-"D)p, = Dpubs
@pv [’_{ (% + 1) + (1 - 691})] - (1 - pr> 1- ,Dpv
A.5. Proof of Proposition 3

Proof. To construct the proof for correlation, first we compute various moments. Note that:

E[g:] = E[7:] = E[G. 4] = E[g] = E[2,] = 0.

. 1 1 1
G2 = 0% Elg) = ——0q E]= oy
Py

z

b1
bo
b3
ai
ag

as

(A.8)

From the solution {a;,b;} Vi € [1,2, 3] derived in Proposition 2, we can write output growth and

inflation as follows:

Ut — Je—1 = 1624 + ag€gy + azeyy — (1 — pzlarzi—1 — (1 — pg)azgi—1 — (1 — pu)asis_1

T = brezt + baeg s + b3€p s + p2b12i-1 + pgbagi—1 + pub3vi—1

Correlation between output growth and inflation is then given by:

E[(9: — 9s—1) 7]
VVar (g — gi—1) Var(m)

det,frt =

The correlation is positive if and only if the numerator is positive. Evaluating the numerator, we get:

E [(§¢ — fi—1) 7] = a1b10? + agboo) + asbsor,

— ((1 = p)parbiE[Z 1] + (1 = pg)pgazbaBlg7 1] + (1 — p)puazbsE[o7])
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This can be simplified to:

albl 2 a2b2 2 agbg 0_2

E[(§ — §t—1) 7] = o
(Gt — t—1) 7] 1+p, 7 1+pgg 1+p, Y

From the solution {a;,b;} Vi € [1,2, 3] derived in Proposition 2, note that the products a;b; and asbs
are non-negative. Therefore, conditional of technology growth rate shocks and price-markups shocks,
inflation and output growth are (weakly) positively correlated. Positive correlation between inflation
and output growth also obtains under government spending shocks if & < 1288(1-F)

We can use the matrix equations to alternately rewrite output and inflation IRF to govt spending
shock as follows.

1+ Dpy(by — 1)
a2 = —
1—"Dp,

Consequently, ao > 0 whenever by > 0.

When by < 0, a condition that guarantees that as < 0 is by < —ﬁ (From A.7 and the fact that

@ < 0). Rewrite this condition, and substitute in the values of parameters to obtain the requirement
that 7 < =20=0)

This latter condition is implied by the local determinacy requirement discussed in Proposition 1.
We then assumed that:

is sufficient for positive correlation between inflation and output growth.

FGL0E 14
5 n(l—p)

which implies k < w.

A.6. Proof of Proposition 4

Before we construct the proof for Proposition 4, we describe the non-linear equations and approximate
equilibrium.

Bilbiie (2021) provides a micro foundation for the static Phillips curve assumed in Section 2. Price
adjustment costs are postulated in the tradition of “external” habits. Adjustment costs are such that
firms consider yesterday’s market average price index instead of their own individual last-period price.

That is, we assume that the adjustment costs take the following form:

¢ (P) .\
o, 2<PHH>Yt

The stationary equilibrium of the model with static Phillips curve is given by the following system
of four equations in four stationary endogenous variables {C’t, Y, I, R} for a given exogenous sequence

of variables {G ¢, v, gt, ¢}
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~ —1
C R -
1 = 8E, ( é“) e ¢ + 5,0, (A.9)

A 2111
(1= 1) — whi/"Cy + 1,® () T, = 0 (A.10)
Rt:max{l,ﬁ't} (A.11)
Ci+ Gy =Y, (A.12)

where C’t = %, f/t = %, ét = % are stationary variables and, Gy = (1 - i) Y;. We choose
w = (1 — v)gs to normalize the full employment level of normalized output to ¥ = 1.

When the economy is in a permanent liquidity trap, we have R = 1. We denote by & the steady
state values corresponding to the liquidity trap steady state with a static Phillips curve. Variables
with a star denote the corresponding steady-state value for full employment. Variables with hats and
time subscripts are log deviations from the stationary steady-state values. 7 is the log deviation of

gross inflation from the steady state.

W S 8 .
U7 B rGaoe) T (RE + 7,Gud) (Fer1+ Gein)
N 1-— ¢7_rs(7_rs — 77*) R (1 _ l/)g*ésg;/n R 1 X
e ( OTs(2Ts — Ts) ) Ve + <V¢7_Ts(27_rs — ) Ct + 77yt
¢t =Yt — Gt

Collecting terms and replacing the log-linearized resource constraint, we have:

Gt = D(Gt41 — §t+1) + D (fft+1 + éz,t—f—l) + Gt (A.13)
R _ +1, R <
T =K 7777 yt9t>+)\7/t

Where D = Wﬁ, A\ = (%), and & = (%) Shutting down the

government spending shocks and the TFP growth rate shocks, we obtain

9t = D (Jer1 + Te1) (A.14)

e = Rl + Ay

where K = R ("TH> Substituting the Phillips curve into the Euler equation, we arrive at the system

of log-linearized equations presented in the main text.
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A.6.1 Baseline Case: Sunspot on Inflation Forecast Error
We define the one-step ahead forecast error associated with the expectational variable 7;, as:
Ct = ’f(‘t — Et—lﬁ-t (A15)

Because we are analyzing the system around a locally indeterminate steady state, A > 1. We combine

this equation with equation (A.15), to get the solutions of the following form:
fr=A"" A — AT Ay +
go = &Ry — AR

In a stationary solution, the unconditional means of §; and 7; are zero. The expression for the variance

of 7ATt is:

2 N, A? 2 A

oL = e 10 + A 10'C A2 1pl,,§ayoc (A.16)
where a? = F(¢?, and Puc = % Furthermore,

1 —N202 + Aag — (A= D) Apycovo¢
A+1

E[(§t — gi—1) 1e] = &

Thus, the correlation between inflation and output growth is negative if and only if:

Aa? — X202

1>pp¢c> ————
Pr (A =1)Ao,o¢

A.6.2 Extension: Sunspot on Output Forecast Error

We consider a variation of the baseline setup. We define the sunspot on the output forecast error
instead of the inflation forecast error. We define the one-step ahead forecast error associated with
output as:

Cy,t =9 — E19:

As above, for local indeterminacy, it follows that A = D (1 + &) > 1. The solution to this system takes

the following form:

G = A1 + Gy

7ty = Ry + iy
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In a stationary solution, the unconditional means of ¢, and 7; are zero. The expression for the variance
of ?]t is:
2 2
2 9¢ AT

(o}

where 02 = ECit with slight abuse of notation.

In order to compute correlation between inflation and output growth,

. A . 1 . - ~ - /%ag _
E [(yt — Y1) 7Tt] =E ([(A —D)ge—1 + Cy,t] [A Rft—1 + Kyt + )\Vt]) = W + AE [VtCt]
FLU? _
= 71 T A*l + )\pVaCO-VO-C
where p, ¢ = E{S’:ijf:). The correlation of inflation with output growth is negative if and only if:
=S T A g,

B. EXTENSIONS TO STYLIZED MODEL

B.1. Description of secular stagnation without rational expectations

We provide the equilibrium conditions for variants of the secular stagnation model with non-rational

agents or heterogenous agents.

B.1.1 Bordalo et al. (2018) diagnostic agents

The non-linear equilibrium conditions are similar to those described in Appendix A.1, with the main
exception that we replace the rational expectations operator with the diagnostic expectations operator
EY.

The stationary equilibrium of the baseline model with diagnostic expectations is given by the
following system of four equations in four stationary endogenous variables {C’t, Y, 11, R} for a given

exogenous sequence of variables {G ¢, ¢, Gy, 0t }

~ —1
Ciy1 1 =
1 = BR,G, I, E! - + 6,C B.1
PR G I ( Cy ) GG Il et (B-1)
G\ Y,
(1 — 1) — wh!/"Cy + 1,® (1) T, = 1, BEY ( é“) My @ (My41) t; (B.2)
t t

Ry = max{l,]?t}
ét ‘f‘ét = Y/t

—~
o
~—
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where C; = %, Y, = %, and Gy = % are stationarized variables. We choose w = (1 — v)g. to

normalize the full employment level of normalized output to Yy =1.
Following L’Huillier et al. (2023), we employ diagnostic expectations such that the steady state is
unchanged relative to the model with rational expectations. In a linearized general equilibrium model,

the diagnostic expectations operator on a future variable is defined as:
EY[Xi1] = (1+ 0)By[ Xy 1] — OB, 1[Xypa]; 6>0

The log-linearized system then is given by System B.5:

§; = DEY <Z)t+1 — i1+ Teq1 + GZ,H-I) +g:+0 (ﬁt —Ey e+ Gap — Et—léz,t> (B.5)

. _ +1, . O A . .
Tt = R <77 7 Y — gt> + Ay + @(Efgtﬂ —gt) + BEfﬂ't—H

P — B N _ (1=(-p)¢r(R—7.) = _ ((=v)g.cg'ti/n ~ _ pr—m.)
Where D = sy, A= (W) k= (W) and ¢ = oz

B.1.2 Gabaix (2020) behavioral agents

We replace the rational expectations operator E; in the secular stagnation equilibrium with Gabaix’s

bounded rationality EP® operator. In the steady state, EP® = E. In making a forecast for variable
X+ which is k > 0 periods in the future, the Gabaix’s bounded rationality operator is linked to the

rational expectations operator in the following manner:
EPT [Xeyr] = mPEy [Xi ]

where m € [0, 1].

With the exception of this change, the equilibrium conditions are same as described in System A.5.

B.1.3 Bilbiie (2021) heterogenous agents with behavioral expectations

We consider the case of zero steady state inequality, which is the baseline case in Bilbiie (2021). The
focus is thus only on the cyclical inequality. This version has the advantage that we can maintain
same steady state as our baseline model, introduced in Section 2.

The log-linearized Euler-equation would however be different:
1)

. A(x —
7Tt+1 +DT< 1(><—A)<

1—-A

— F I'-1)FE
T— Ay (¢ tge+1) + ( ) t9t+1:| + g9

9t = DTT(Ge41 — Ges1 + Gappr) + DT

—1 D
where DT = (”%50%—%1) =1+ (x— 1)11_;;')(7 x=(1+n1 (1—%), ¢=1/(1+n),

and A = Qi;f ;- As in Bilbiie, A is the unconditional mass of the hand-to-mouth agents, s and h

are the probabilities that a saver and hand-to-mouth agent stay in their respective states, n is the

Frisch elasticity of labor supply, 77 is the rate at which profits are taxed, x is a measure of cyclicality
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of income inequality. We follow Bilbiie (2021) to set x = 1.48, A = 0.37, and 1 — s = 0.04. Other
parameters are same as in our baseline calibration. The Phillips curve is unchanged relative to the

baseline:

L +1. So s . .
=K <77 o (e gt> + A+ @(Etger1 — Gi) + BEefti4a
In addition, the behavioral THANK model augments m in front of the rational expectations

operator. We maintain Gabaix (2020) calibration of m = 0.85, suggested also by Pfauti and Seyrich
(2022).

C. DSGE ESTIMATION

C.1. Data sources

We collect quarterly nominal GDP (GDP), nominal Consumption (C), nominal Investment (I), the
GDP Deflator (DEF), total population (POP), hours worked (H), Earnings (W) from 1990Q1 to
2019Q4. We obtained all data from the Cabinet Office of Japan and the Ministry of Health Labor
and Welfare. All data was obtained through Haver Analytics. The associated mnemonics are given in

parenthesis.

GDP: is nominal gross domestic product (N9DP2) in billions of yen (seasonally adjusted at annual
rate).

I: is the sum of nominal gross private domestic fixed investment (NEDFP2) and the change in private
sector inventories (NEDSP2). Both series in billions of Yen, and seasonally adjusted.

G: is nominal government final consumption expenditure (N9GC2) in billions of Yen and is seasonally
adjusted.

C: We collect nominal private final consumption expenditure (N9PC2), seasonally adjusted and in
billions of yen.

DEF: is the gross domestic product deflator (JPSDEDP) seasonally adjusted and defined such that
2015 = 100.

POP: is the total population of 15 years old and over (FL15), in 10,000 persons. Source: Ministry of
Internal Affairs and Communications.

TH: corresponds to the total monthly hours worked per employee in companies with 30 or more
employees—all industries (JPEWTH2). H: corresponds to monthly scheduled hours worked per
employee in companies with 30 or more employees—all industries (MHA).

W: Corresponds to contractual earnings index (2020=100) for companies with 30 or more employ-
ees—all industries (JPEWR2).

C.1.1 Data transformations

Population and the call rate are converted from monthly to quarterly data by taking quarterly

averages. We construct per-capita GDP, per-capita consumption, and investment, dividing the
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nominal quantities by population. We deflate per-capita variables using the GDP deflator. Lastly, we
compute the quarter-on-quarter log difference of real per-capita GDP, real per-capita Consumption,
and real per-capita investment and multiplied by 100. Inflation is defined as the quarter-on-quarter
log difference of the GDP deflator and multiplied by 400 to convert it into annualized percentages.
We follow the same procedure detailed in Hirose (2020) to construct wages and hours worked per
capita. We first construct average working days per month from the contractual hours series (H) and
assume a constant eighth-hour workday. Then, we calculate the average hourly wage using total hours
worked (TH) and contractual earnings (W). We compute log deviations of total daily hours worked

and daily wages per hour with respect to their respective averages in our estimation sample.

C.2. Measurement equations
Stylized model

To match the model to the data, we construct model implied output (Ayf), consumption growth
(Acf), as quarter-on-quarter percentages, and inflation measured in annualized percentages (77). We
link the observed data series to the model counterparts through the following system of measurement

equations:

Ayy = 1001log(G,) + 100 (ﬁt —Jt—1+ Gz,t) )
Acf = 10010g(G=) + 100 (& — &1 + Gy (C.1)

7y = 4001log (7) + 4007,.

Medium scale model

In the medium scale model, in addition to output growth, consumption growth, and inflation, we
construct model implied investment growth (Ad?), real wage growth (Awy) and, hours worked (1?).

We augment measurement equations (C.1) with the following relations:

Al? = 1001og(G,) + 100 (ﬁt Iy + Gz,t) ,
) + 100 (d}t — Wy + Gz,t) : (C.2)

19 = 1001log(l) 4 100l; + oyé..

G
Aw? = 1001log(G,

Where €, ~ N(0, o) is the measurement error that helps the model fit high-frequency movements
in the hours-worked series. We set the variance of the measurement error O'l2 to be 10% of the sample

variance in [f.

C.3. Prior distributions

Table 4 lists the priors used to estimate the DSGE model of Section 3, including information on

the marginal prior distributions for the estimated parameters. Under the prior, we assume that all
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estimated parameters are distributed independently, which implies that the joint prior distribution

can be computed from the product of the marginal distributions.

Table 4: Prior Distribution of DSGE parameters

Parameters Description Distribution  P(1) P(2)
o Persistence tech. growth shock B 0.5 0.15
P, Persistence price markup shock B 0.5 0.15
Pg Persistence gov. spending shock B 0.5 0.15
Pu Persistence MEI shock B 0.5 0.15
Pu Persistence wage markup shock B 0.5 0.15
Pn Persistence risk premium shock B 0.5 0.15
o, Std dev. tech. growth shock 74 0.005 Inf
ou, Std dev. price markup shock g 0.005 Inf
o Std dev. gov. spending shock g 0.005 Inf
o Std dev. MEI shock e 0.005 Inf
Ouy Std dev. wage markup shock g 0.005 Inf
oy Std dev. risk premium shock 74 0.005 Inf
o¢ Std dev. sunspot shock g 0.005 Inf
p(ez, Q) Corr. sun. and tech. growth shocks u 0 0.5774
plep, ) Corr. sun. and price markup shocks u 0 0.5774
pleg, €) Corr. sun. and gov. spending shocks U 0 0.5774
pleu; ¢) Corr. sun. and MEI shocks u 0 05774
p(€w, C) Corr. sun. and wage markup shocks U 0 0.5774
p(en, Q) Corr. sun. and risk premium shocks u 0 0.5774

Notes: G is Gamma distribution; B is Beta distribution; Z§G is Inverse Gamma distribution; and ¢ is Uniform
distribution. P(1) and P(2) are mean and standard deviations for Beta, Gamma, and Uniform distributions.

C.4. Posterior sampler

We can solve the log-linearized system of equations of Section 3 using standard perturbation techniques.
As a result, the likelihood function can be evaluated with the Kalman filter. We generate draws from
the posterior distribution using the random walk Metropolis algorithm (RWM) described in An and
Schorfheide (2007). We scale the covariance matrix of the proposal distribution in the RWM algorithm
to obtain an acceptance rate between 30% and 50%. We generated 100,000 draws from the posterior
distribution and discarded the first 50,000 draws.
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C.5. Impulse Responses

Figure 8: Impulse Responses: Exrpectations Trap vs Secular Stagnation
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Notes: Impulse responses to one standard deviation shocks. All responses are computed at the posterior mean
of the estimated parameters. The blue solid line corresponds to the expectations-driven traps model. The red
dashed line corresponds to the secular stagnation model.

C.6. Additional Estimation Results

This section presents additional estimation results of our benchmark model. Section 4.2.2 we extend
the expectations-trap model with inflation expectations data (Infl. Exp. Data). In Section 4.3 we
extend the secular stagnation model to allow for diagnostic expectations (DE), cognitive discounting
(Gabaix), behavioral and hand-to-mouth agents (BTHANK).
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Table 5: Posterior DSGE estimates

Robustness Exercises: Baseline Model

My M
Parameters  Description Infl. Exp. Data DE Gabaix BTHANK
Pg Persistence 0.88 0.87 0.90 0.91
gov. spending shock [0.83 0.92] [0.83 0.91] [0.86 0.95] [0.86 0.96]
Pu Persistence 0.17 0.15 0.18 0.12
markup shock [0.08 0.27] [0.06 0.24] [0.09 0.28] [0.04 0.20]
Pz Persistence 0.55 0.47 0.41 0.47
technology. growth shock [0.29 0.78] [0.25 0.69] [0.19 0.65] [0.15 0.77]
100 x oy Std dev. 0.94 0.95 0.92 0.92
gov. spending shock [0.83 1.06] [0.82 1.07] [0.80 1.03] [0.81 1.04]
100 x oy, Std dev. 0.34 0.34 0.39 0.41
markup shock [0.29 0.39] [0.26 0.41] [0.33 0.45] [0.35 0.47]
100 x o, Std dev. 0.82 0.42 0.78 0.78
technology growth shock [0.42 1.26] [0.25 0.59] [0.55 1.00] [0.43 1.14]
100 x o¢ Std dev. 0.37 - - -
sunspot shock [0.32 0.41] - - -
p(€, Q) Corr. sunspot and -0.28 - - -
technlogy growth shocks [-0.35 -0.21] - - -
p(€en, Q) Corr. sunspot and 0.95 - - -
markup shocks [0.92 0.97] - - -
pleg, C) Corr. sunspot and 0.01 - - -
gov. spending shocks [-0.02 0.05] - - -
log [p(YT)] Log-data density -429.95 -474.58 -451.96 -460.34

Notes: The estimation sample is 1998:Q1 - 2012:Q4. We use Y7 = [y1,...,yr| to denote all the available data
in our sample. For each model we report posterior means and 90% highest posterior density intervals in square
brackets. All posterior statistics are based based on the last 50,000 draws from a RWMH algorithm, after
discarding the first 50,000 draws.
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C.7. Prediction Pools: Additional Results

Figure 9: Stylized Model:
Expectations-trap (w/Infl Exp Data) vs Secular Stagnation

Pr(My)

0.3F 7

Model weight A

2000 2005 2010 2015 2020

Notes: The solid black line is the posterior mean of A estimated recursively over the period 1998:Q1-2019:Q4 in
the stylized model of Section 3. The shaded areas correspond to the 90 percent credible set of the posterior
distribution. The predictive density is constructed using three observable series: Ayy, Ac?, my.

Figure 10: Medium Scale Model:
Expectations-trap (w/o Markup Shocks) vs Secular Stagnation
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Notes: The solid black line is the posterior mean of A\ estimated recursively over the period 1998:Q1-2019:Q4
in the medium scale model of Section 5. The shaded areas correspond to the 90 percent credible set of the
posterior distribution. For the expectations-trap model we set the posterior draws of the parameters p(e,, () =0

and p(e,, ¢) = 0.
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Figure 11: Permanent increase in markups v

(a) Ezpectations-Driven Trap (b) Secular Stagnation
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D. COMPARATIVE STATICS IN THE CALIBRATED BASELINE MODEL

The BSGU and the secular stagnation hypotheses have contrasting implications for shocks and policy.
These differences stem from the local determinacy property of these steady states, which translate into
differences in slopes of aggregate supply and aggregate demand in our model. We present comparative
statics in the calibrated baseline model presented in Section 2.

Because of local determinacy of the secular stagnation steady state, the comparative static
experiment is well-defined without the need for additional assumptions. With the BSGU steady
state, we assume that inflation expectations do not change drastically to push the economy to the
full-employment steady state in response to the experiment.

In Figure 11, solid lines plot the steady-state AD-AS representation of the quantitative model under
two parametrizations. Annualized inflation deviation relative to the central bank target inflation is on
the vertical axes and output gap relative to target-steady state output (in percents) is on the horizontal
axes. The coordinates (y°, 7%) and (y*,7°) denote the expectations-driven and fundamentals-driven
liquidity trap steady states respectively. The left panel plots AD-AS curves when prices are relatively
flexible (k%) and the natural rate of interest is positive. The AD-AS intersection depicted at (y°, 7°) is
locally indeterminate, features zero nominal interest rates and output is permanently below potential.
At this intersection, the AS curve is steeper than the AD curve. In the right panel, we plot the AS
curve with relatively rigid prices (%), and the AD curve with negative natural interest rate, r* < 0.
AD intersects AS at the secular stagnation steady state at the coordinate (y*, 7*).

An upward shift in aggregate supply curve in Figure 11, denoted with dashed blue line, induced by
permanent increase in steady state markups, translates into higher output under secular stagnation
and lower output under BSGU. Under secular stagnation, the natural interest rate is too low for
the central bank to stabilize the economy. An increase in markups through inflationary pressures
helps lower real interest rate, thus reducing the real interest rate gap and expand output. Under

BSGU, the problem is of pessimism about inflation expectations. If agents remain pessimistic about
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Figure 12: Permanent increase in TFP growth rate z

(a) Ezpectations-Driven Trap (b) Secular Stagnation
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inflation undershooting its target, an increase in markups is further contractionary since the resource
inefficiencies associated with increased markups dominate the increase in output demand due to higher
prices (see also Mertens and Ravn, 2014).

An outward shift in aggregate demand in Figure 12, denoted with dashed red line, induced by
permanent increase in steady state TFP growth, translates to higher output under secular stagnation
but lower output under BSGU. Higher TFP growth signals higher income for households and leads to
increased consumption demand. This increased impatience translates into higher output under secular
stagnation. Under BSGU, in contrast, the increased TFP growth translates into higher reduction in
prices by firms, which dominates the increased demand by households. As a result, there is lower
output and inflation under BSGU.

Similarly, a neo-Fisherian exit policy of raising interest rates at the ZLB is contractionary under
secular stagnation as it increases the real interest rate gap from natural rate, but it is expansionary at
the BSGU steady state equilibrium (Schmitt-Grohé and Uribe, 2017). Furthermore, an increase in
government expenditure (financed by lumpsum taxes) or a permanent reduction in short-term interest
rates below the ZLB has inflationary effects under secular stagnation but deflationary effects under
BSGU.26

These disparate policy implications raise the question whether it is possible to distinguish these

two different kinds of liquidity traps in the data.

26We model the neo-Fisherian policy as a permanent change in the intercept of the Taylor rule, a: R™®" =
max{l + a,a + R* (Hl)%} = a + R. where a is increased to a positive number from zero. This policy
simultaneously increases the lower bound on nominal interest rate and thus does not have any effect on the
placement of the kink in the aggregate demand curve. Given the inflation rate, an increase in a lowers output
demanded. At the secular stagnation steady state, this induces deflationary pressures that increases the real
interest rate gap and causes a further drop in output. In contrast, during a BSGU trap, an increase in nominal
interest rate anchors agents’ expectations to higher levels of inflation, thus obtaining the neo-Fisherian results
(Schmitt-Grohé and Uribe, 2017). The effects of increased government spending on output are somewhat
ambiguous because of elastic labor supply that also causes changes in the aggregate supply curve.
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E. STEADY STATE ANALYSIS WITH LINEAR PHILLIPS CURVE

With the help of some simplifying assumptions in the derivation of the new Keynesian Phillips curve,
we can analytically characterize the steady states in the baseline model. All the ingredients of the

model are same as studied in Section 2 except we assume that the cost of price adjustment takes the

o _¢(gf—ﬂﬁ2y
s 2 Ht t
This adjustment cost function combines the insights of Bilbiie (2021) to make the Phillips curve

following functional form:

static, along with the insights of Bhattarai, Eggertsson and Gafarov (2022) which deliver an aggregate
Phillips curve that is linear. Under the assumption of infinitely elastic labor supply (n — o0),
and adjustment cost function of the form ®;, we get the following static aggregate Phillips curve

relationship between aggregate inflation rate II; and stationary consumption C; :27

Ht:]¢wfé,+<n*—l¢é“> (E.1)
This static Phillips curve is the Rotemberg costs equivalent of the analytical Phillips curve derived by
Bhattarai et al. (2022). Other than that, the model is same as the baseline model.

We assume there is no government spending in the steady state for now (i.e. g = 1). From
equations 1, 3, 4, and E.1 we can represent the steady-state equilibrium with an aggregate demand
block and an aggregate supply block. We describe each of these blocks next.

Aggregate Demand (AD) is a relation between output and inflation and is derived by combining

the Euler equation and the Taylor rule. The AD curve is given by

¢r—1 .
7 )= ()T, R >,

-£ if R =1

(E.2)

When the ZLB is not binding, the AD curve has a strictly negative slope; and it becomes linear
and upward sloping when the ZLB constrains the nominal interest rate. Thus, the kink in the

aggregate demand curve occurs at the inflation rate where the ZLB constrains monetary policy:

1
gink = (Tﬁ ) o= IT*. For the natural interest rate to be positive r > 1, the premium on government

bonds must be low enough i.e. 6 <1 — f.

Aggregate Supply (AS) is given by II = kY + (II* — k) in the steady state, where x = % When
h =1, II = II*. In this linear aggregate supply curve, the degree of nominal rigidity « also determines
a lower bound on the inflation = IT* — k.

In this two-equation representation, we can characterize different steady-state equilibria. Proposi-

tion 5 shows that a targeted steady state exists as long as the natural interest rate is positive.

2"TNote that w is set equal to (1 — v) in the steady state to target h = 1.
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Proposition 5. (Targeted Steady State): Let II* =1, 0 < § < 1 — 3. There exists a unique positive
interest rate steady state with output at potential Y = 1, inflation at target Il =1 and R = 1’%5 > 1.
It features output at efficient steady state, and inflation at the policy target. The equilibrium dynamics
in this steady state’s neighborhood are locally determinate.

Proof. The downward sloping portion of aggregate demand always goes through Y =1 and [I =1
when II* = 1. When 6§ < 1 — 5, r > 1. The kink in the AD curve occurs at inflation rate below 1.
There always exists an intersection between the AS and the AD at Y = 1,11 = 1. To show that there
does not exist another steady state at positive interest rates, note the AS curve is linear and upward
sloping. For II > 1, Yap < 1 < Yag, and for g < II < 1, Yap > 1 > Yag. Thus, there does not
exist another steady state at positive nominal interest rate.

To prove local determinacy, log-linearize the equilibrium conditions around the unique non-
stochastic steady state, and it follows that the Blanchard-Kahn conditions for determinacy are satisfied
as ¢ > 1. ]

A steady state at which the central bank can meet its inflation target is defined as the targeted-
inflation steady state. The presence of a targeted-inflation steady state is contingent on the natural
interest rate and the monetary authority’s inflation target. With a unitary inflation target, it must
be the case that the natural interest rate is non-negative, which is implied by the assumption of
0 < é < 1— . In Proposition 6 we show that, a liquidity trap steady state (a la Schmitt-Grohé and
Uribe, 2017) may jointly co-exist with the targeted steady state described above. However, with a
flat enough Phillips curve, a targeted steady state is the unique steady state in this economy. A high
enough nominal rigidity prevents inflation from falling to levels such that self-fulfilling deflationary
expectations do not manifest in the steady state.

Proposition 6. (Deflationary expectations-trap steady state): Let II* =1, 0 < § < 1 — . For
k>1—0 (e ¢ < ﬁ) there exist two steady states:

1. The targeted steady state with output at potential Y = 1, inflation at target II = 1 and positive

nominal interest rate R = % > 1.

2. (Deflationary expectations-driven trap) A unique-ZLB steady state with output below potential

Y < 1, inflation below target II < 1 and zero nominal interest rate R = 1. The local dynamics
in a neighborhood around this steady state are locally indeterminate.

When prices are rigid enough, i.e., kK < 1 — 3, there exists a unique steady state, and it is the targeted
inflation steady state. When prices are flexible ¢ = 0 (k — o), two steady states exist. A unique
deflationary steady state with zero nominal interest rates and a unique targeted inflation steady state.

Proof. When 6 < 1— 3, R* > 1. The kink in the AD occurs at inflation rate below 1. Following
the steps in Proposition 5, it follows that a targeted steady state with output at potential, inflation
at target, and positive nominal interest rate exists. At Igjur, Yap > 1 > Yag. When Il = 1 — &,
Yas =0 > Yap. Given that AS is linear and AD is strictly convex, there is a unique intersection at
positive unemployment. At this second steady state, AS intersects AD from above. In the model, the
relative steepness of AS curve is equivalent to locally indeterminate dynamics. O

We define the deflationary expectations-driven trap as the steady state with a positive natural
interest rate, negative output gap, and deflation and in whose neighborhood the equilibrium dynamics
are locally indeterminate. Pessimistic inflationary expectations can push the economy to this steady
state without any change in fundamentals.

We now consider the case where adverse fundamentals can push the economy to a permanent

liquidity trap. If agents are sufficiently patient § > %, i.e., the natural rate of interest is negative,

55



and the ZLB constrains monetary policy. In that case, the nominal interest rate is permanently zero
while there is below-potential output and deflation in the economy. We characterize this possibility in
Proposition 7.

Proposition 7. (Secular Stagnation): Let IT* =1, § > 1 — § and k < 1 — 3. There exists a unique

steady state with output below potential Y < 1, inflation below target Il < 1 and zero nominal interest
rate R = 1. It features output below the targeted steady state and deflation, caused by a permanently
negative natural interest rate. The equilibrium dynamics in this steady state’s neighborhood are
locally determinate.

Proof. When § > 1— 3, R* < 1. Thus, the kink in the AD occurs at inflation rate above 1. AS is linear
and AD is strictlyconvex. At Ilg;ni, Yap < 1 < Yag. The last inequality requires the assumption
that k < 1 — 8. Thus, the AS and AD must intersect at positive unemployment. With log-linearized
equilibrium conditions, it can be seen that the system is locally determinate. In this case, the local
determinacy condition is equivalent to the AD curve being steeper than the AS curve at the stagnation

steady state.
O

We formally define the secular stagnation steady state as the steady state featuring negative output
gap, zero nominal interest rate on short-term government bonds and exhibiting locally determinate
equilibrium dynamics in its neighborhood. This local determinacy property is the main difference
between the secular stagnation narrative and the expectations-driven narrative.

Note that the secular stagnation steady state exists in this model because of sufficient discounting
in the modified Euler equation. Unlike the traditional new Keynesian model, an arbitrarily long ZLB
episode driven by a negative natural rate can exist in equilibrium. In log-linearized new Keynesian
models without discounting, deflationary black holes emerge as the duration of the temporary liquidity
trap is increased, with inflation and output tending to negative infinity (Eggertsson, 2011). The

solution remains bounded in our setup as the duration of ZLB is increased.
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F. MEebpiuM-ScALE DSGE MODEL

Here we provide a detailed derivation of the model in Section 5. The exposition follows Gust, Herbst,
Lépez-Salido and Smith (2017). There are five agents in the economy: (i) monopolistically competitive
intermediate goods firms (ii) a perfectly competitive firm that aggregates the differentiated varieties
from intermediate producers; (iii) a perfectly competitive employment agency that bundles households’
labor services (iv) a continuum of households that make optimize consumption, investment, capital
utilization, and supply differentiated labor services to a labor agency; (v) the government that sets

fiscal and monetary policy.

F.1. Model Description
Intermediate and final goods firms

Intermediate goods producers sell the intermediate varieties Yj; to the final good firms that produce

1
the final composite good: Y; = { fol infyp’tdj] Tt where 1/ Vpt > 11is a time-varying price-markup

1—vp P,
Pj; is the price of variety j and P; is the aggregate price index. Each intermediate good j is produced

) —1/vp
PYEES L_ The demand for intermediate good j has the iso-elastic form Y = (&) Y, where

by a price-setting monopolist using the following technology: Yj; = (Ztth)lfa K7, Where Lj; is the
labor input, K; is physical capital, and Z; denotes a non-stationary TEFP process. The growth rate of
Z; denoted by Gz, follows an AR(1) process with persistence p, and iid shocks €, ~ iid N(0, o2)
that causes deviations of the TFP growth from balanced growth rate G.

Firms choose inputs to minimize total cost each period. Cost minimization implies that the capital-

Kip Ky _ a W,
L L  T-aR::

labor ratio at the firm level is independent of firm-specific variables As a result,

« 11—«
nominal marginal costs are Pymc; = Z% <R§> (K—fa) . To set the price Pj;, intermediate firm j
2
pays a quadratic adjustment cost in units of final good % (% — 1) PY;. Where ¢, > 0 is the
t—1475t—1

parameter that scales the cost of price changes and price adjustments are indexed to I, =% H?’_l,

where ¢, governs indexation between previous period inflation rate II;_; and steady-state inflation

_ A 2
rate II. Firm’s per period profits are given by: I'y = Pj; Y — Bymei Ny — % (#ﬁ't—l — 1) BY;.
And the firm’s profit maximization problem is
o0
D]ﬂj?f {Ft + B E Qt,t+sFt+s} (F.1)
s=1

where Q¢ ¢4 is the nominal stochastic discount factor of the household.

Households

A continuum of households, indexed by i € [0,1], supply differentiated labor services L; to a

perfectly competitive labor agency. The agency combines labor services into a homogeneous labor
1

composite L; according to L; = [ fol L; ;V“”tdz} et where 1/ Vw,t > 1 is the elasticity of demand that
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determines the time-varying wage-markup A\’ = i The demand for labor inputs of type j is

1_ w,t :

BN VA 2"
L= (%j) L;, where W;; is the wage set by the union on behalf of the workers, and W} is the

aggregate nominal wage. At time ¢, the household-i chooses consumption Cjy;, risk-free nominal bonds

By, investment I; and capital utilization u; to maximize the utility function, with external habits in

consumption:

E,5 g5t [10g(cj,s — hCjs 1) — ﬁ L g, ZE - w;fs] , (F.2)
where h is the degree of habit formation on internal habits over individual consumption. n > 0 is the
Frisch elasticity of labor supply, w > 0 is a parameter that pins down the steady-state level of hours,
exogenous parameter d; regulates the utility from bonds,?® and the discount factor 3 satisfies 0 < 8 < 1.
The utility loss, w}‘ft, due to adjustments in the nominal wage takes the form ;.ljt - ¢7w [%V]V;_l} 2.
Where ¢, > 0 is a parameter, wage contracts are indexed to productivity and price inflation. We
assume 1:[;”_1 = G Il tw (exp(ez¢)I;—1)"™ with 0 < ¢, < 1. We assume perfect consumption risk

sharing across the households. As a result, the household’s budget constraint in period ¢ is given by

PiCis+ Py + (f +HZ) = By + BY, + WiLiy + Ty + T, + RIui K — Pa(ui)KY,,  (F.3)
where I;; is investment, Bft is the net cash flow from household ¢’s portfolio of state-contingent
securities. Households own an equal share of all firms and thus receive I'; dividends from profits.
Finally, each household receives a lump-sum government transfer 7;. Since households own capital,
they choose the utilization rate. The amount of effective capital that the households rent to the firms
at the nominal rate R is K;; = ut K. The unit nominal cost of capital utilization is FPra(u;¢). As
in the literature (Smets and Wouters, 2007) we assume a(1) = 0, and the elasticity of utilization costs
is parameterized by a”(1) > 0. Following Christiano et al. (2005), we assume investment adjustment
costs in the production of capital. The law of motion for capital is as follows:

I; ”
Ky = [1 ) <’t >] Lig + (1 — 0k) Kl (F.4)
Gzl

Where Gz is the steady state growth rate of Z;, §; is the depreciation rate of capital, and u; is an
exogenous disturbance to the marginal efficiency of investment. We assume the presence of investment
adjustment costs that satisfy S(1) = S’(1) = 0, and the elasticity of adjustment costs to investment

changes is given by S" (1) > 0.

Fiscal and Monetary Policy

We assume the government balances the budget every period P,T; = P,G; and Gy is the government
spending, which is determined exogenously as a fraction of GDP G; = <1 — g—lt) Y:, where gy is an

exogenous shock to government spending.

28We assume that §; evolves as an AR(1) process, labeled as 7; later in the model.
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The central bank sets the nominal interest rate i;, following an inertial rule that responds to

deviations of inflation from a constant target II, and output growth relative to the economy’s long-run

¢7r ¢dy l_pR
L (- | (F.5)
I GzYi1

where i4s is the steady state nominal interest rate, II; is the gross inflation rate, pr determines

growth rate.

= max — :
1+ g 14 g

1+ 1 (1+it—1>pR
14idg

the degree of inertia in interest rate changes. The first term inside the max operator captures the
effective lower bound on the nominal interest rate. Throughout our analysis, we will assume that such

a lower bound will be binding.

Market clearing

We focus on a symmetric equilibrium that satisfies K; = fol K di, Ny = fol L;di = fol L;dj. In this
symmetric equilibrium, the market clearing for the final good requires
¢p | 1L

2
Y}:Ct—i—ft—i-a(ut)K;‘—i-Gt—i-— |:~ —1:| Y't (FG)
2 [y

F.2. Equilibrium Conditions

We present the model’s equilibrium conditions as stationary variables. Let Z; be the non-stationary

level of TFP at time . We normalize the following variables :

v =Y/ 7,
Ct:Ct/Ztv
kt = Kt/Zta

k= K{/Zi 1,
I, =1,/ 7%,
wy = Wi/ (Zi Py)
ri = Rf /Py,

)\t = AtZt ’

Definition 1 (Normalized equilibrium). 17 endogenous variables { ¢, i, ¢ty v, Iy, mey, I, I},
= K

Iy, we, Ly, ki'yq, ity Ity g, ue, ki), 6 endogenous shock processes {zt, g, e, fits Vpts Vw,t), 6
exogenous shocks {e€ ¢, €51, €n.t, €t €up it €v, ¢} given initial values of k" ;.

Consumption Euler equation

A 1
M:ﬁu+mm[ G

+ o, F.7
Gz i+1 Ht+1:| ! (F.7)
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1 1
A= ——p— — hBE,

h t—1 ’
= Gy Gzt [Ct+1 - Gﬁi’ﬂ]
Price-setting
IL IL; At+1 (Ht—i-l ) 41 yet1
1—vy:) —me +v — =1 = —v E — —1 — =0
( pt) et Vet <Ht—1 ) IL; 4 et At IT; II; Y
ﬁt—l == ﬁlibpﬂ;p_l
Wage-setting
Iy I Oy, ] O L}
Vw,t¢w ﬁ%”,l - ﬁffl = Vw,téf)wﬁﬂ‘:t [ ﬁ%u -1 ﬁ%u + L |w A - (1 - Vw,t)wt
~ _ A~ Loy
v, = Gyt <exp(GZ7t)Ht_1>
w:
Iy, = L IL,Gzy
Wt—1
Capital investment
I, Gz, e
k', = 1-5|——>= I 1-9§
tr1 = Mt [ <]It—1 Gy ¢+ ( k)Gz,t )
qt = PE; {)\H—l (Tﬁ1ut+1 - a(ut+1) + Qt+1(1 - 5k)) )
MG z141 |

Ht GZt> /( Ht GZt) ]It GZt_
1-S|——==|-5 ’ 2
att t[ (HH G, L, Gz ) T,.1 Gz |

M1 Gzpr (T o (L1 Gz
i1 qt+1 ST ——
At Gz

TZt+l -1
I; I, Gz

+BE,

Capital utilization rate
ki
Gz’

)

kt:ut

i = d (w),
Production technologies
Yt = k:?L%_a 5
rF = ame il
t tkt )

we = (1 — a)mey =,
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(F.15)
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(F.18)
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Government

: : PR P Day 1=pr
1+4 = max ! Lt+i— 1y LtGZ’t exp(€mp.t) (F.22)
1+ s 145’ \ 1+ iss I yi1Gy ety '
Market clearing
k3 1
Yt = Ct + ]It —+ a(ut) ¢ =+ <]. — ) Yt , (FQ?))
GZ,t gt

Law of Motion of Shocks The six structural shocks driving the model economy are assumed to
follow first-order auto-regressive processes of the form log(z;) = (1 — pg) log(x) + pzlog(xi—1) + ox€xt,

with €, ~ N(0,1), and « denoting steady-state values, for z = Gz, 9,7, i1, Vp, V.

F.3. Parameters and Model Calibration

Table 6 details the parameters for the medium-scale DSGE model of section 5 that are fixed before
estimation in both the secular stagnation and expectations-trap models. We source most of the
parameters from the estimated DSGE model for Japan in Hirose (2020). Our medium-scale model
shares many features with the estimated model in Hirose (2020). We rely on the existing estimates of
certain structural parameters to focus our empirical assessment on the equilibrium dynamics implied
by our alternative stagnation hypothesis. The average growth rate of productivity, G, is set to match
the average growth rate of GDP from 1998:QQ1-2012:Q4. The steady-state value of the government
spending shock, g, is set to match the share of the autonomous spending-to-GDP ratio during the same
period. In the medium-scale model, autonomous spending includes nominal government spending and
net exports.

Lastly, Table 6 also shows the value of the parameters calibrated for each model independently.
We also show the respective calibration targets. As discussed in Section 2, the marginal utility of
bond holdings, d, pins the natural rate of interest in our model. The parameter v, which controls the
cost of adjusting prices, is set such that the prices are twice as flexible in the secular stagnation model
compared with the expectations-trap model. Given the natural rate and the cost of price adjustment,
the parameter 1,,, which controls the cost of adjusting wages, is endogenously calibrated to match a
steady inflation of —1.06 observed in our sample. To keep both secular stagnation and expectation
traps on equal footing, we set the disutility of hour worked w such that in the steady state with a

binding zero lower bound, hours worked are below steady state hours worked under full employment.
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Table 6: Structural Parameters: Medium Scale Model

Common Parameters

E a Y Ui-v)  10-1) "
Discount Capital Habit Price Wage Price
factor share persistence markup markup indexation
0.942 0.37 0.36 1.2 1.2 0.225
Ve a’ (1) s"(1) Ok g G.
Wage Utilization Inv. Adjustment Capital Autonomous TFP growth
indexation  elasticity cost, depreciation spending rate
0.295 2.246 5.16 0.015 1.6 0.256

Model Specific Parameters

Expectations-trap Secular stagnation
) Op ) Op
Mg. utility Price Mg. utility Price
bonds adj. cost bonds adj. cost
0.0443 900 0.0454 1800
Dw w Dw w
Wage Labor Wage Labor
adj. cost disutility adj. cost disutility
115.5 0.62 92.7 0.59

Notes: The parameter ( is calibrated to obtain a positive natural rate in the presence of positive bond
premium—see Section 2.4. The parameters o, ¥, ¥p, Yw, a”(l), S”(l)7 0y are taken from Hirose (2020, Table 2).
The parameters v, and v, target 20 percent price and wage markups in the steady state. The parameters
g, and G, are set to match the average GDP share of autonomous spending (G + X — M)/Y and average
per-capita GDP growth from 1998Q1 to 2012Q4, respectively. The model-specific parameters are calibrated as
discussed in section 5.1.
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